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Cold atoms with laser-induced spin-orbit (SO) interactions provide promising platforms to ex-
plore novel quantum physics, in particular the exotic topological phases, beyond natural conditions
of solids. The past several years have witnessed important progresses in both theory and experi-
ment in the study of SO coupling and novel quantum states for ultracold atoms. Here we review
the physics of the SO coupled quantum gases, focusing on the latest theoretical and experimen-
tal progresses of realizing SO couplings beyond one-dimension (1D), and the further investigation
of novel topological quantum phases in such systems, including the topological insulating phases
and topological superfluids. A pedagogical introduction to the SO coupling for ultracold atoms and
topological quantum phases is presented. We show that the so-called optical Raman lattice schemes,
which combine the creation of the conventional optical lattice and Raman lattice with topological
stability, can provide minimal methods with high experimental feasibility to realize 1D to 3D SO
couplings. The optical Raman lattices exhibit novel intrinsic symmetries, which enable the natural
realization of topological phases belonging to different symmetry classes, with the topology being
detectable through minimal measurement strategies. We introduce how the non-Abelian Majorana
modes emerge in the SO coupled superfluid phases which can be topologically nontrivial or trivial,
for which a few fundamental theorems are presented and discussed. The experimental schemes for
achieving non-Abelian superfluid phases are given. Finally, we point out the future important issues
in this rapidly growing research field.
I. INTRODUCTION
A. Why study spin-orbit coupling?
Spin-orbit (SO) coupling is a relativistic quantum me-
chanics effect which characterizes the interaction between
the spin and orbital degrees of freedom of electrons when
moving in an external electric field. Due to the special
relativity, the electron experiences a magnetic field in the
rest frame, which is proportional to the electron velocity
and couples to its spin by the magnetic dipole interaction,
rendering the SO coupling with the following form
Hso ∝ σ ·Beff ∝ σ · (∇V × p) = λso∇V · (p× σ) , (1)
where σ is the spin, V (r) is the external electric poten-
tial experienced by the electron, p is the electron’s mo-
mentum, and λso denotes the SO coefficient. In atomic
physics the SO coupling is responsible for the fine struc-
ture splitting of the optical spectroscopy. In solid state
physics the SO interaction of Bloch electrons exhibits sev-
eral effective forms by taking into account the crystal
symmetries and local orbitals around Fermi energy, and
can strongly affect the band structure of the system. The
typical types of the SO coupling includes the Rashba and
Dresselhaus terms, which are due to the structure inver-
sion asymmetry and bulk inversion asymmetry of the ma-
terials, respectively, and Luttinger term which describes
the SO coupling for the valence hole bands [1, 2]. The
study of SO coupling for electrons has generated very
important research fields in the recent years, including
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spintronics [3], topological insulator [4, 5], and topolog-
ical superconductors (SCs) [6], etc. These studies bring
about completely new understanding of the effects of the
SO coupling in the condensed matter physics and mate-
rial science.
Spintronics.–In a system with SO coupling one can ma-
nipulate the electron spins indirectly by controlling the
orbital degree of freedom. This lies in the heart of the
study of semiconductor spintronics, with the spin degree
of freedom of the electron being exploited for improved
functionality. From the basic form of the SO interaction,
one can see that the components of the spin, momentum,
and electric field which couple together are perpendicu-
lar to each other: σ ⊥ p ⊥ ∇V . This implies that ap-
plying an external electric field may dynamically drive
the electron at opposite spin states to move oppositely
in the real space. In particular, consider a Rashba SO
coupled system with the presence of an external electric
field, described by the potential Vex(r), whose Hamilto-
nian reads H = p2/2me + λso(kxσy − kyσx) + Vex(r),
where me is the effective mass of Bloch electron. This
Rashba SO coupling can be equivalently written in terms
of a non-Abelian SU(2) gauge potential and then H =
(p − e ~Aσ)2/2me + Vex(r), where a trivial constant is
neglected and ~Aσ = (meλso/e~)(−σy eˆx + σxeˆy). Note
that the field of a non-Abelian gauge is given by Fµν =
∂µAν−∂νAµ+(ie/~c)[Aµ, Aν ], which is associated a spin-
dependent magnetic field, given by
~B =
m2eλ
2
so
~3
e
c
σz eˆz. (2)
When electrons are accelerated by the electric field, their
spins are tilted to out-of-plane (eˆz) direction. The above
formula implies that electron having nonzero spin polar-
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2ization experiences an effective magnetic field along +z
or −z direction depending on its polarization direction.
Thus spin-up and spin-down electrons are deflected to op-
posite sides (Fig.1a), leading to a pure spin current and
spin accumulation in the edges of the transverse direc-
tion. This gives a spin Hall effect (SHE) [7, 8]. Moreover,
in a magnetic semiconductor, the spin of electrons is po-
larized due to the existence of a Zeeman coupling term
Mzσz, which leads to a population imbalance in the spin-
up and spin-down states. In this case, while the electrons
with opposite spin polarization along z axis are deflected
oppositely, a nonzero transverse charge current is also re-
sulted, giving rise to an anomalous Hall effect (AHE) [3].
In the anomalous Hall effect both the spin and charge ac-
cumulations are obtained. The SHE and AHE may have
important applications designing spintronic devices such
as SHE transistors and spin injectors.
Topological insulators.–Taking into account the spin
degree of freedom can bring rich nontrivial structure of
the Bloch bands for electrons [4, 5]. In the presence of
SO coupling the spin and momentum of an electron can
be entangled, which causes spin texture in the momen-
tum space. For an insulator, all the momentum states of
a single band in the d-dimension form the first Brillouin
zone (FBZ), which is a closed manifold known as torus
T d. The spin is attached to each Bloch momentum gov-
erned by the SO interaction. A simple illustration of the
SO effect on topology is sketched in Fig. 1. Fig. 1 (a)
gives a fully spin-polarized configuration, in which case
the spin does not wind in the momentum space, thus
mapping to a single point of the unit circle. This gives
zero winding number (N1d = 0) [Fig. 1 (a)]. In contrast,
for case of Fig. 1 (b), the spin winds over all direction of
a circle in the real space when the momentum runs over
the FBZ, giving rise of a nonzero winding number of the
Bloch band (N1d = 1). The latter case is referred to as a
topological phase, while the former is a trivial one. The
transition between a topological phase and a trivial has
to experience the band gap closing. As a consequence, in
the interface between the topological and trivial regions,
e.g the boundary of the material which is in a topological
phase, the localized in-gap states emerge, mimicking the
gap closing at the interface.
More specifically, the terminology topological insulator
typically refers to the topological insulating phases in 2D
or 3D with time-reversal symmetry [4, 5], which are a
new class of insulating topological phases different from
the quantum Hall effect discovered in 1980s [9, 10]. In
such insulators the boundary exhibit helical edge or sur-
face states protected by time-reversal symmetry. Since
the concept was introduced in 2005, tremendous pro-
posals and experimental discoveries for the 2D and 3D
topological insulators have been performed in the past
years [4, 5]. Physically, the SO interaction leads to the
band inversion of the orbital bands with opposite par-
ity around Fermi energy, accounting for the underlying
mechanism for the topological phase transition. The in-
verted regime corresponds to the topological phase, while
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FIG. 1: (a) Sketch for a topologically trivial band without SO
coupling. In this case the spin states of the whole Brillouin
zone does not wind over a circle, so they map to a single point
of the unit ring S1, giving zero winding number. (b) Sketch
for a topologically nontrivial band with SO coupling. The
spin states of the whole Brillouin zone winds over a circle.
Thus they map to the whole unit ring S1, giving a nonzero
winding number.
the normal un-inverted regime corresponds to the trivial
phase [11, 12]. The concept of topological insulators with
time-reversal symmetry has also been generalized to the
phases protected crystal symmetries, dubbed topological
crystalline insulators [13, 14], and also to the topological
semimetal or metals [15–18].
Topological superconductors.–Topological SC is a topo-
logical phase similar as the topological insulators, having
a bulk superconducting gap and gapless or midgap ex-
citations in the boundary [5, 6]. Unlike the insulating
phases, the boundary excitations in a topological SC are
known as Majorana modes which are their own antipar-
ticles [19–22]. Mathematically, the annihilation and cre-
ation operators of such states are identical γ(x) = γ†(x).
Especially, the Majorana zero energy modes localized in
the point-like topological defects of topological SCs obey
non-Abelian statistics [23–27], and have potential appli-
cations to the topological quantum computation [28–30],
which is an essential motivation for the great efforts hav-
ing been driven in both theory and experiment to search
for such exotic modes in the recent years. Note that in
a SC the Bogoliubov quasiparticle operators generically
takes the form bµ(x) = αµcσ(x)+βµc
†
σ′(x), with the spin
indices σ, σ′ =↑, ↓. In an s-wave SC whose pairing or-
der is even one has σ 6= σ′ and the quasiparticle is not
a Majorana, while in an spinless (or spin polarized) SC,
only a parity-odd (p-wave) pairing phase occurs and then
σ = σ′, yielding a Majorana quasiparticle.
An important consequence of the SO interaction is that
the parity of superconducting pairings can be manipu-
lated in the SO coupled materials. In the presence of
3SO coupling, in general the orbital angular momentum
is no longer a good quantum number, nor the spin. Thus
in the superconducting pairing channels the parity-even
(like s-wave) and parity-odd (like p-wave) pairing states
are mixed up. Under proper conditions, e.g. in the
presence of an external Zeeman field which can kill the
s-wave pairing, only parity-odd superconducting states
shall survive and then the Majorana modes can be re-
alized. This idea has been broadly applied to the re-
cent theoretical proposals and experimental realization
of topological SCs based on heterostructures formed by
SO coupled materials and conventional s-wave SCs, to-
gether with a Zeeman splitting field being applied by
magnetic field or ferromagnetic insulators [22]. In the
interface the Cooper pairs are forced into p-wave type by
the SO coupling and Zeeman field, rendering a topolog-
ical SC. Nevertheless, while many experimental studies
have been performed in observing indirect signatures of
Majorana zero modes, based on s-wave SCs and semi-
conductor nanowires [31–34], magnetic chains [35–37], or
topological insulators [38–40], the rigorous confirmation
is yet illusive.
B. Brief history of SO coupling for ultracold atoms
In cold atoms the spin states refer to the internal elec-
tronic hyperfine levels, and the spin of an atom is given by
the summation of the total spin, orbital angular momen-
tum of all electrons of the atom, and the nuclear spin [41].
Compared with solid state materials, the ultracold atoms
are extremely clean systems, with all the parameters be-
ing fully controllable in the experiment [42, 43]. Such a
full controllability enable the ultracold atoms to be ideal
platforms to simulate complex quantum physics with ex-
act models which can be beyond or not precisely achiev-
able in solid state materials.
The ultracold atoms do not have intrinsic SO cou-
pling, while an effective SO interaction can be gener-
ated by properly coupling the atomic spin states to ex-
ternal fields [44, 45]. From the case of a Rashba SO
coupling we have seen that the SO interaction is gener-
ically equivalent to a non-Abelian gauge potential cou-
pling to the spin degree of freedom of the system. This
picture gives birth to the basic ideas in realizing SO cou-
pling for ultracold atoms through the generation of syn-
thetic gauge potentials. Before proposing a SO interac-
tion, the realization of an Abelian gauge potential for
a spinless system was first theoretically considered by
Jaksch and Zoller [46] in 2003 for optical lattices, and by
Juzeliu¯nas and O¨hberg [47] in 2004 for continuum quan-
tum gas. The Abelian gauge potential is associated with
an artificial magnetic flux, similar as that in a rotating
Bose-Einstein condensate [48, 49]. Motivated by the pre-
vious study, in 2004 Liu et al. [50] proposed to realize
a spin-dependent gauge potential of the form ~A3(r)σz
by generalizing the previous scheme for magnetic flux to
the spin-dependent regime, yielding an early model for
realization of SO coupling. Interestingly, this SO term
describes a coupling between spin and orbital angular
momentum, which attracts particular attention very re-
cently for cold atoms [51–54]. It is noteworthy that the
spin-orbital-angular-momentum coupling is very recently
realized in experiment by Lin’s group [55], which applied
a scheme similar to the one proposed in Ref. [50]. Adopt-
ing the similar idea of generating spin-dependent gauge
potentials, Liu et al. [56] and Zhu et al. [57] respectively
proposed to observe spin Hall effect for ultracold atoms.
In both cases, spin-dependent gauge potentials are still
Abelian with the form ~A = ~A3(r)σz, associated with a
spin-dependent magnetic field ~B = B3σz eˆz, for which
the spin-up and spin-down atoms couple to artificial mag-
netic fields along +z and −z direction, respectively, lead-
ing to a (quantum) spin Hall effect. The realization of
non-Abelian gauge potentials was first proposed in 2005
by Osterloh et al. [58] in optical lattice, and by Ruseckas
et al. [59] in continuum quantum gas. With the pro-
posed non-Abelian gauge potentials, in principle one can
achieve high dimensional SO couplings.
The early proposals for SO coupling are hard to be
realized in real experiments. In 2008, Liu et al. [60]
pointed out that a 1D SO coupling with equal Rashba
and Dresselhaus amplitudes can be realized for atoms
with a simple Λ-type configuration of internal levels. A
similar configuration was considered earlier by Higbie and
Stamper-Kern [61] to investigate the properties of a Bose
condensate, while not SO coupling. A Lambda type con-
figuration contains two ground hyperfine levels, mimick-
ing the spin-up and spin-down states. A Raman coupling
induced by two light beams drives spin-flip transition and
transfers momentum simultaneously, giving rise to SO
coupling. The basic idea has been broadly applied in ex-
periment to realize the 1D SO coupling for bosons and
fermions [62–66, 68–76, 162]. The first experimental real-
ization was performed with bosons in Spielman’s group at
NIST [62]. Following this study, Zhang’s group at Shanxi
University [64] and Zwerlein’s group at MIT [65] respec-
tively realized the 1D SO coupling for 40K and 6Li Fermi
atoms, respectively. On the other hand, Chen’s group
at USTC studied the phonon spectra and observed the
roton gap for a SO coupled BEC [71], and further per-
formed a systematic study of the phase diagram at finite
temperature of the SO coupled BEC [70]. Engels’ group
first realized the 1D SO coupling for bosons in an optical
lattice. More recently, the 1D SO coupling has also been
realized with lanthanide and alkali earth atoms, includ-
ing Dy fermions by Lev’s group [74], Yb atoms by Jo’s
group at HKUST [75] and by Fallani’s group [77], and Sr
atoms by Ye’s group at JILA [78].
Realization of a high-dimensional SO coupling (more
than 1D) is more significant. The reason is obvious: a
high-dimensional SO coupling (e.g. the 2D Rashba term)
corresponds to a non-Abelian gauge potential and is asso-
ciated with nonzero Berry’s curvature which could have
nontrivial geometric or topological effects, while the 1D
SO coupling realized in the aforementioned experiments
4corresponds to an Abelian potential and does not give
a nonzero Berry curvature. The study of broad classes
of novel topological states necessitates the realization of
high-dimensional SO couplings, including topological su-
perfluid phases [79, 80]. Many interesting schemes were
proposed for realizing 2D [58, 59, 81–86] and 3D SO cou-
plings [87], whereas the experimental realization was not
available until very recently. The Rashba type and Dirac
type 2D SO couplings are realized by Zhang’s group [88]
and a collaborative team by Liu’s group at PKU and
Pan-Chen’s group at USTC [89], respectively. The for-
mer realization is based on a tripod scheme in a contin-
uum space, and the latter is based on a scheme called
optical Raman lattice with double-Λ internal configura-
tion [86, 89]. The achieved 2D Dirac Hamiltonian real-
izes a minimal model for quantum anomalous Hall effect
driven by SO coupling, which cannot be achieved with
solid state materials but has been firstly obtained for ul-
tracold atoms, and was shown to exhibit novel physics in
the bulk and the boundary.
II. THEORY FOR SYNTHETIC SO COUPLING
A natural way to simulate gauge potentials is to change
the dynamical behavior of neutral atoms just as mov-
ing charges in electromagnetic fields by some external
forces, like rotation [48, 49], atom-light interaction [90–
93] or laser-assisted-tunneling [94–96]. Juzeliu¯nas et
al. [47] proposed to produce an effective magnetic field by
Berry’s phase [97], which arises from the adiabatic mo-
tion of a spatial-dependent dark state (a light-dressed
eigenstate uncoupled with the excited state). Liu et
al. [50] proposed to realize a spin-dependent gauge poten-
tial of form ~A3(r)σz by generalizing the previous scheme
for magnetic flux to the spin-dependent regime, yield-
ing an early model for realization of SO coupling. This
SO term describes a coupling between spin and orbital
angular momentum, which attracts particular attention
very recently [51–53]. A more generic notion of SO cou-
pling, which corresponds to non-Abelian gauge poten-
tials, can be generated by employing two or more degen-
erate dressed states [58, 59]. The basic idea of generating
adiabatic Abelian and non-Abelian gauge fields can, in
fact, trace back to Wilczek and Zee’s seminal work in
1984 [98] .
A. Gauge potential for continuum gas
We start with the generic theory of producing non-
Abelian adiabatic gauge potentials [99]. We consider
a N -level quantum system which is coupled to external
fields, with the Hamiltonian H = − ~22m∇2+V (r)+HI(r).
Here V (r) is the trapping potential, and HI(r) denotes
a spatially varying interacting term between the system
and external fields (e.g. laser addressing). One can diag-
onalize the coupling Hamiltonian HI through a unitary
transformation U(r) via HdiagI = U
†HIU , where H
diag
I is
diagonal and is written as HdiagI =
∑N
j Ej |χj(r)〉〈χj(r)|,
with |χj(r)〉 being the eigenstates of HI and Ej the cor-
responding energy. With the diagonal bases of HI , the
total Hamiltonian after the transformation can be ob-
tained by
H ′ = U†HU
=
1
2m
[i~∇+A(r)]2 + V˜ (r) +HdiagI , (3)
where V˜ = U†V U and the gauge A is a SU(N) Berry’s
connection, taking the N ×N matrix form, and is intro-
duced by
A(r) = i~U†(r)∇U(r). (4)
The non-Abelian gauge potential A(r) is associated the
SU(N) Berry curvature
Fµν = ∂µAν − ∂νAµ − i~ [Aµ,Aν ], (5)
and the effective magnetic field B then given by Bj =
1
2jklFkl. Note that in the above derivative we have not
performed adiabatic approximation. In this stage A is a
pure gauge given by the SU(N) transformation and the
Berry curvature is simply zero Fµν = 0. Further applying
the adiabatic condition yields adiabatic gauge potential
which may lead to nontrivial SO couplings.
Consider that the ground state subspace of HI has n
(n < N) degenerate eigenstates. The off-diagonal cou-
plings within the degenerate ground states are not neg-
ligible. However, the adiabatic condition can be satis-
fied and decouple the ground state subspace from excited
levels when the ground state energy, Eg, is well sepa-
rated from those of the remaining N − n states, namely,
when |v · Aij |  |Eg − Ej | holds for i = 1, 2 · · · , n
and j = n + 1, n + 2, · · · , N . In this case, we ne-
glect the couplings between the ground state subspace
and excited states and reach the reduced column vector
of wave functions only for the degenerate subspace as
Ψ¯ = (Ψ1,Ψ2, · · · ,Ψn)T, which satisfies
i~
∂Ψ¯
∂t
=
[
1
2m
(
−i~∇−A(n)
)2
+ Veff
]
Ψ¯, (6)
whereA(n) is a n×n matrix reduced from the pure gauge
A, rendering a U(n) non-Abelian gauge potential if n >
1. The effective trapping potential matrix Veff is given
by Veff,jl = Ejδjl + 〈χj(r)|V |χl(r)〉+ Φjl, with the scalar
potential Φ being given by
Φjk =
1
2m
∑
l>n
Ajl ·Alk. (7)
In the case of n = 1, i.e. the ground state is non-
degenerate, and the reduced adiabatic gauge potential
becomes Abelian.
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FIG. 2: A minimal scheme for 1D SO coupling. (a) The
Λ-type configuration, with the atom levels (dubbed spin up
and spin-down) coupled to two light beams. (b) A practical
layout for 87Rb atoms, coupling to two beams propagating
oppositely in x direction. The F = 1 manifold is employed
with one hyperfine state well separated by a quadratic Zeeman
shift . (c) An intuitive picture for the 1D SO coupling. The
two-photon Raman coupling imprints a momentum difference
to the two spin states due to momentum transfer in the two-
photon process, and induce a spin-flip transition which opens
a Zeeman gap at zero momentum. The whole effects generate
a 1D SO coupling together with a Zeeman term.
The Lambda-type configuration.–A minimal scheme to
realize SO coupling by generating spin-dependent gauge
potential was proposed based on a Λ-type configura-
tion [60]. As shown in Fig. 2(a), the there-level atoms are
coupled to two laser beams, with the interaction Hamilo-
nian
HI = ~∆− (~Ω1|g↑〉〈e|+ ~Ω2|g↓〉〈e|+ h.c.), (8)
where Ω1 = Ω sin θe
iS1 and Ω2 = Ω cos θe
iS2 with
Ω =
√|Ω1|2 + |Ω2|2, with S1,2 being determined by the
phases of laser beams. When the detuning ∆ is much
larger than the coupling strength Ω, the above Hamilto-
nian has two nearly degenerate ground states
|χ1(r)〉 = cos θeiS2(r)|g↑〉 − sin θeiS1(r)|g↓〉, (9)
|χ2(r)〉 ' sin θeiS2(r)|g↑〉+ cos θeiS1(r)|g↓〉, (10)
which make up a spin-1/2 system providing the realiza-
tion of SO coupling with proper spatial-dependent phases
S1,2(r). The following is an alternative equivalent pic-
ture. Due to the condition that |∆|  Ω, the single-
photon transitions between the ground states |g↑,↓〉 and
the excited state |e〉 are greatly suppressed, while the
two-photon transition between the two ground states be-
comes dominant. In this regime, by adiabatically remov-
ing the excited state the system is effectively regarded
as a two-state (|g↑〉 and |g↓〉) configuration coupled by
a two-photon Raman process. Consider a simple case
where the laser fields are counter-propagating along x-
direction so that the Rabi frequencies Ω1 = Ω0e
ik0x and
Ω2 = Ω0e
−ik0x [see Fig. 2(b)], where k0 denotes the wave
number of the two lasers. As mentioned above, when |∆|
is large enough, one can adiabatically eliminate the ex-
cited state and obtain the effective spin-1/2 Hamiltonian
in x-direction
Heff =
 ~
2k2x
2m +
δ
2
ΩR
2 e
i2k0x
ΩR
2 e
−i2k0x ~2k2x
2m − δ2
 , (11)
where δ is a small two-photon detuning for the Raman
coupling and the Raman Rabi frequency ΩR = Ω
2
0/∆.
After the transformation U = exp(−ik0xσz), the Hamil-
tonian renders a 1D SO coupling (with equal amplitudes
of Rashba and Dresselhaus terms)
H1D = UHeffU
† =
~2(kx + k0σz)2
2m
+
δ
2
σz +
ΩR
2
σx. (12)
From the above SO Hamiltonian one can see that the gen-
erated gauge potential A = ~k0σz eˆx is spin-dependent,
but still Abelian, rather than non-Abelian.
The SO coupling can naturally emerge from the view
of momentum transfer, as illustrated in Fig. 2(c). Due
to the laser polarization, the transition from |g↑〉 to |g↓〉
or the other way round amounts to absorbing a photon
from one laser and then emitting a photon to the other,
accompanied with momentum transfer by 2k0. To be
specific, the atomic momentum increases by k0, the so-
called recoil momentum, after absorption of one photon;
it gains another k0 in the subsequent emission since the
two coupling beams are counter-propagating. As a re-
sult, by Raman process, the spectra of atoms in the two
states |g↑〉 and |g↓〉 exhibit a relative 2k0-momentum shift
along kx direction [the former two pictures in Fig. 2(c)].
Furthermore, a finite Raman coupling strength leads to
a spin-flip transition, which corresponds to the σx term
in Eq. (12) and opens a gap at kx = 0, eventually leading
to the spectra shown in the last picture of Fig. 2(c). It is
the spin-flip transition associated with momentum trans-
fer that accounts for the basic mechanism of generating
SO couplings.
It is noteworthy that simply applying another pair of
laser beams along say ±y directions to induce additional
Raman coupling and momentum transfer along y direc-
tion cannot yield 2D SO coupling. Instead, in this case,
the both Raman couplings along x and y axes will com-
bine and induce the 1D SO coupling along eˆx + eˆy direc-
tion. As we shall see later, to realize high-dimensional
SO couplings based on Λ-type configurations, one needs
to consider optical lattices.
The tripod-configuration.–An early scheme to generate
non-Abelian gauge potentials is based on a tripod-type
configuration with four-level atoms coupled to spatially
varying laser fields [59], as depicted in Fig. 3(a). The
atom-light coupling Hamiltonian reads
HI = ~∆|0〉〈0| − ~
3∑
j=1
(Ω1|0〉〈j|+ h.c.), (13)
6where the Rabi frequencies Ωj characterize the corre-
sponding atomic transition amplitudes and are defined
by Ω1 = Ω sin θ cosφe
iS1 , Ω2 = Ω sin θ sinφe
iS2 , and
Ω3 = Ω cos θe
iS3 , with Ω =
√|Ω1|2 + |Ω2|2 + |Ω3|2. The
above Hamiltonian has two degenerate dark states
|χ1〉 = sinφeiS31 |1〉 − cosφeiS32 |2〉, (14)
|χ2〉 = cos θ cosφeiS31 |1〉+
+ cos θ sinφeiS32 |2〉 − sin θ|3〉, (15)
with Sij = Si − Sj . One can embed spatial dependence
into dark states by using standing-wave fields (associ-
ated with the angles φ and θ) or non-parallel propagat-
ing running waves (associated with the relative phases
Sij) or vortex beams with orbital angular momentum
(phases Sij). The two dark states form a pseudospin-1/2
system, for which a U(2) non-Abelian gauge potential
A(2) can arise in the adiabatic motion, with the elements
A
(2)
jk = i~〈χj |∇|χk〉 given by
A
(2)
11 = ~(cos
2 φ∇S23 + sin2 φ∇S13),
A
(2)
22 = ~ cos
2 θ(cos2 φ∇S13 + sin2 φ∇S23), (16)
A
(2)
12 = ~ cos θ[1/2 sin(2φ)∇S12 − i∇φ].
Properly choosing the parameters θ, φ and/or Sij can
readily yield Rashba or Dresselhaus type SO couplings.
For example, let θ = φ = pi/4, S12 = k0x, S23 = k0x+k0y,
and S13 = −k0x+ k0y. The gauge potential becomes
A(2) = (
√
2~/4)k0σxeˆx + (~/4)k0σz eˆy, (17)
where a trivial constant has been neglected. The above
gauge potential is of U(2) form and leads to a 2D SO
coupling. The tripod scheme provides a natural real-
ization of non-Abelian gauge potentials for an effective
pseudospin-1/2 system, while it also suffers challenges in
experimental study. For example, the tripod configura-
tion includes three ground states |j〉 (j = 1, 2, 3), with
one of the three states having to be a metastable state
which may have relatively short lifetime, particularly in
the presence of interactions [100]. On the other hand,
|0⟩
|3⟩
Δ
|2⟩|1⟩
Ω) ∝ 𝑒,-.(0) Ω2 ∝ 𝑒,-3(0)
Ω4 ∝ 𝑒,-5(0)
FIG. 3: The tripod configuration for non-Abelian gauge fields.
The three ground states couple to three beams which drive
transitions to the excited level.
the realization of tripod scheme necessitates the resonant
Raman couplings between each two of the three ground
states, which is vulnerable to the fluctuation of external
magnetic field which is applied for experiments of gen-
eration SO couplings. Finally, unlike the Λ scheme, in
the tripod system the SO coupling is defined for pseu-
dospin states (i.e. dark states), rather than real atom
spins (hyperfine eigenstates), which could be hard to be
directly measured or engineered in experiments. As a re-
sult, while the first proposal of tripod scheme was intro-
duced over a decade ago [59], it was successfully demon-
strated in experiment only recently by Shanxi University
in collaboration with CUHK [88].
B. Gauge potential in optical lattices
In optical lattices the motion of atoms can be described
by hopping between lattice sites. Accordingly, the SO
coupling in optical lattices corresponds to the spin-flip
hopping between neighboring sites, similar to the spin-
flip transition associated with momentum transfer in the
continuum gas. For example, for a 2D square optical lat-
tice, the tight-binding model for the case with a Rashba
SO coupling can be written as
H =
∑
〈~j,~l〉,s,s′
[− t0c†j,s(ei θ2A·~djl)ss′cl,s′ + h.c.], (18)
where A = (σy,−σx), cl,s and c†l,s are annihilation and
creation operators, respectively, 〈~j,~l〉 represents the hop-
ping between nearest-neighbor sites, and ~djl denotes the
unit vector from ~l-site to ~j-site. The above tight-binding
Hamiltonian describes a spin-conserved hopping with co-
efficient ts = t0 cos θ/2 along x and y directions, and
spin-conserved hoppings with coefficient txso = t0 sin θ/2
(tyso = −t0 sin θ/2) coupling to σy (σx) along x (y) direc-
tion. Transforming the Hamiltonian into k space yields
H =
∑
k c
†
k,sHss
′
k ck,s, with the Bloch Hamiltonian
H(k) = −2ts(cos kxa+ cos kya)Iˆ
−2tso
[
sin kxaσy − sin kyσx
]
, (19)
where Iˆ is a 2 × 2 identity matrix and tso = t0 sin θ/2.
While a purely Rashba SO coupling has not been realized
in experiment in an optical lattice, Engels’ group first
demonstrated the 1D SO coupling for bosons in optical
lattices [72].
The recent studies show that instead of realizing a
purely Rashba SO coupling, it is more natural to real-
ize the Dirac-type 2D SO coupling based on the so called
optical Raman lattice scheme [86, 101], where besides a
2D Rashba-type SO term induced by Raman coupling
lattice, the spin-conserved hopping couples to the σz-
component rather than identity matrix Iˆ. In the lowest
7s-band regime, the Bloch Hamiltonian becomes
H(k) = [mz − 2ts(cos kxa+ cos kya)]σz
−2tso
[
sin kxaσy − sin kyσx
]
, (20)
which describes a minimal quantum anomalous Hall
(QAH) model driven by SO coupling and has been
first realized by the collaborating team at PKU and
USTC [89]. The optical Raman lattice schemes exhibit
high feasibility in experimental realization with multiple
advantages, and are becoming a prevailing technique in
investigating novel high-dimensional SO effects and topo-
logical physics in experiment. The detailed discussions
will be presented in the next sections.
III. EXPERIMENTAL ISSUES OF REALIZING
THE 1D SO COUPLING
A. Realization of Λ-type configuration
The Λ-type coupling scheme can be readily realized
in real cold atom systems. Fig. 2(b) illustrates a typical
hyperfine-level configuration in 87Rb bosons, with ground
manifold F = 1. The excited state |e〉 indeed includes all
relevant states corresponding to D1 and D2 transitions.
To separate the Λ-type configuration from other state,
one can apply an external bias magnetic field B = Bz eˆz
to split up the ground states. The energy shift is nonlin-
ear due to the quadratic Zeeman splitting
∆E|F,mF 〉 = µBgFmFBz +
(gJ − gI)2µ2B
2~∆Ehfs
B2, (21)
where gI,J,F are Lande´ factors and ∆Ehfs denote hyper-
fine splitting. As a result, when two of the three ground
states are coupled in two-photon resonance, they are de-
tuned from the third state, and an isolated Λ-system is
resulted. For example, with a bias field of strength 14G,
the Zeeman splitting between two neighboring hyperfine
states |mF = 0〉 and mF = −1 is about 10.2MHz, which
has a discrepancy of 8Er with respect to the Zeeman
splitting between |mF = 0〉 and mF = 1 if applying
λ = 786nm Raman beams [Fig. 2 (b)]. With the simple
scheme the 1D SO coupling can now be routinely realized
in both Bose-Einstein condensates (BECs) [62, 66] and
Fermi gases [64, 65].
B. Cancellation of Raman couplings through D1
and D2 transitions
Note that the net Raman coupling is obtained by tak-
ing into account the contributions through both the D1
and D2 lines. The total Raman coupling between two
ground states, e.g. |mF = +1〉 and |mF = 0〉 for 87Rb,
is given by
ΩR =
∑
F
Ω∗2F,D1Ω1F,D1
∆
+
∑
F
Ω∗2F,D2Ω1F,D2
∆ + Es
, (22)
where ∆ is one-photon detuning for D1 line, Es is the
fine-structure splitting, Ω1F,Dj and Ω2F,Dj represent the
one-photon Rabi-frequencies induced by the two laser
beams corresponding to the transitions from |mF = +1〉
and |mF = 0〉 to an excited state of quantum number F
in the Dj (j = 1, 2) lines, respectively.
Let |eF,Dj 〉 denote an excited state corresponding to
the Dj (j = 1, 2) line. We can verify the following iden-
tity ∑
F
Ω∗2F,D1Ω1F,D1 +
∑
F
Ω∗2F,D2Ω1F,D2
=
∑
F,j=1,2
〈g↑|d2F ·E2|eF,Dj 〉〈eF,Dj |d1F ·E1|g↓〉,
= 〈g↑|(d2F ·E2)(d1F ·E1)|g↓〉,
= 0, (23)
where djF is the corresponding dipole vector. In
the above derivative we have applied the identity that∑
F,j |eF,Dj 〉〈eF,Dj | = I. Thus the couplings through the
D1 and D2 lines in alkali atoms contribute oppositely to
the Raman transition. We obtain that
ΩR =
∑
F
Es
∆(∆ + Es)
Ω∗2F,D1Ω1F,D1 . (24)
Assuming that the deunings for both D1 and D2 lines
are in the same sign, we consider the following two sit-
uations. First, consider the red-detuned regime (similar
for blue detunings) and when ∆ < Es, we have from the
above result that
ΩR ∝ |Ω1Ω2/∆| ∝ (1/τlife)(∆/Γ), (25)
where the lifetime satisfies 1/τlife ∝ |Ωj |2Γ/∆2 and Γ
denotes the natural linewidth of the relevant transition [?
]. Secondly, when |∆|  Es, we have
ΩR ∝ |Ω1Ω2|/∆2 ∝ (1/τlife)(Es/Γ). (26)
In this case, the Raman coupling strength ΩR and life
time τlife cannot be enhanced at the same time by in-
creasing ∆ and Rabi-frequencies Ωj . Thus we have the
following conclusions: 1) To induce an appreciable Ra-
man coupling strength ΩR, the detuning ∆ cannot be
much larger than fine structure splitting Es of the excited
states. 2) A large enough life time τlife, however, requires
that ∆ should be much larger than Ωj . 3) For alkali
atoms, the proper parameter regime is that |∆| ∼ Es. 4)
The atomic candidates with large fine structure splitting
Es are preferred for the generation of spin-orbit coupling.
It is noteworthy that, if the optical transitions are ap-
plied between D1 and D2 lines, namely 0 < −∆ < Es,
the both D1,2 transitions contribute in the same sign to
the Raman coupling. This implies that the Raman cou-
pling can be largely enhanced in this regime. Neverthe-
less, the magnitude of ∆ is restricted by the fine-structure
splitting Es. The typical magnitudes of Es for alkali
atoms are that Es ∼ 7.1THz for 87Rb [102], Es ∼ 1.8THz
8FIG. 4: The NIST experiment of the realization of 1D SO
coupling with 87Rb bosons [62]. (a) The the Raman coupling
configuration for the ground manifold. (b) The spectra of the
SO coupled dressed states with different magnitudes of the
Raman coupling strengths. (c) The band minima of the SO
coupled spectra with different Raman coupling strengths. (d)
The TOF imaging of atom clouds due to SO coupling.
for 40K [103], and Es ∼ 10GHz for 6Li [103], implying
that the realization is favorable for 87Rb, marginally fea-
sible for 40K, while suffers strong heating for 6Li atoms.
C. Realization of 1D SO coupling for Bosons
Lin et al. [62] first reported the experimental real-
ization of 1D SO coupling in a Bose-Einstein conden-
sate of 87Rb atoms, and in particular, demonstrated
two quantum phase transitions driven by Raman cou-
pling strength [Fig. 4 (a,d)]. One is two minima of the
dressed energy dispersion merging into a single mini-
mum [Fig. 4 (b,c)]; the other is a transition from a spa-
tially spin-mixed state to a separated state. The latter
one is induced by the modified interactions between the
two dressed states (the two minima of dispersion) [104].
The spin-mixed phase is also called “stripe” phase [105],
where atoms condense into a superposition of the two
minima [Fig. 5(a)], thus exhibiting density fringes [106–
108], while the separated phase is known as “plane-wave”
or “magnetized” phase since the condensation occurs at
only one minimum [Fig. 5(a)].
Ji et al. [70] extended the phase diagram of 87Rb BECs
to the finite-temperature case by observing the evolution
of condensate magnetization with the temperature. Un-
like the “magnetized” phase, the condensate in the stripe
state should exhibit no magnetization at zero tempera-
ture; it is not always true in experiments due to unde-
sired circumstances (e.g. the forming of domain wall).
However, the histogram of magnetization distribution
should have a Gaussian-like peak around zero magnetiza-
tion after a large number of measurements, as shown in
Fig. 5(c). By contrast, the histogram in the magnetized
FIG. 5: Zero- and finite-temperature phase diagrams of 87Rb
Bose gases with 1D SO coupling. (a) Single-particle dis-
persion and zero-temperature phase diagram as a function
of the Raman coupling Ω, which shows a stripe phase, a
magnetized phase and a non-magnetic phase as Ω increases.
(b) Finite-temperature phase diagram of spin-orbit coupled
bosons. Insets: Schematic low-energy spectrum for the stripe
and magnetized phases. (c) Evolution of the magnetization
histogram as the temperature is lowered (equivalent to in-
creasing the condensate fraction f). (d) Softening of roton
mode. The measured roton gap becomes smaller as Ω de-
creases and the vanishing indicates the phase transition to
the stripe phase. Inset: The low-energy excitation spectrum,
which clearly shows a roton-maxon structure.
phase shows two sharp peaks around ±1 [Fig. 5(c)], in-
dicating the spontaneous Z2-symmetry breaking in Bose
condensation. Experimental measurements determines
the finite-temperature phase diagram as in Fig. 5(b),
where the stripe phase will first turn into the magnetized
phase before becoming the normal state as the tempera-
ture increases.
Another related issue is about excitation spectrum.
Because the stripe phase breaks both U(1) symmetry (su-
perfluid phase) and translational symmetry, there will
be two linear Goldstone modes in the spectrum [109]
[schematically shown in the insets of Fig. 5(b)]. The
magnetized phase, however, breaks only one continuous
(phase) symmetry, and there is only one linear Goldstone
mode. Furthermore, the tendency towards periodic or-
der (the stripe phase) near the transition indicates that
the excitation spectrum in the magnetized phase has a
9roton-type mode [104, 110], which was experimentally
demonstrated by Ji et al. [71] [see inset of Fig. 5(d)]. In
Ref. [71], roton-mode softening was observed by Bragg
spectroscopy, showing the roton gap is vanishingly small
in the critical regime [Fig. 5(d)]. Thus the magnetized
phase has a greater low-energy density-of-states than
the stripe phase, meaning the magnetized phase can
gain more entropy from thermal fluctuations and become
more favorable. This gives an explanation for why the
phase boundary bends towards the stripe phase side in
the finite-temperature phase diagram [Fig. 5(b)].
D. Realization of SO coupling for Fermions
Wang et al. [64] at Shanxi group and Cheuk et al. [65]
at MIT group respectively realized 1D SO coupling in
atomic Fermi gases using 40K and 6Li atoms. The 1D
SO coupling induced momentum transfer along x direc-
tion leads to a spin-momentum lock along the this direc-
tion. This spin imbalance was observed by time-of-flight
(TOF) expansion in the experiment with 40K atoms. On
the other hand, note that 6Li fermions have a tiny fine
structure splitting in excited levels. The strong heating
brings about serious challenging in realizing the SO cou-
pling with degenerate 6Li gas. Instead, the MIT group
observe the SO coupling induced spin imbalance through
spin injection radio-frequency (rf) spectroscopy. Dur-
ing the rf spectroscopy, the atoms are prepared in the
reservoir states which are not involved in realizing the
SO coupling. Then, a low-power rf pulse was applied to
pump the atoms at a certain reservoir state to the target
spin-1/2 subspace with the 1D SO coupling generated
by Raman couplings. Being a function of the spin po-
larization of dressed states, from the resonant pumping
rate of rf spectroscopy one can read out both the band
structure and spin-polarization of SO coupled system.
Since the realization, SO coupling induced novel super-
fluids has been a hot issue. In particular, the interplay
between SO coupling and strong interactions (BEC-BCS
crossover) has been analyzed theoretically [111–114] and
experimentally [115, 116].
The 1D SO coupling has also been realized in fermionic
lanthanide and alkali earth atoms, including Dy fermions
by Lev’s group [74], Yb atoms by Jo’s group at
HKUST [75] and by Fallani’s group [77], and Sr atoms
by Ye’s group at JILA [78]. Compared with alkali atoms,
the lanthanide and alkali earth atoms have an effective
large fine structure splitting Es while a small natural
linewidth of transition Γ. As a result, the SO coupling
generated for such atom candidates in principle can have
a long lifetime. In particular, for the 161Dy fermions, a
lifetime up to 400ms was observed in the experimental
realization [74]. Such life is limited by dipolar decay of
the spin, rather than by light-induced heating.
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FIG. 6: The Raman lattice scheme in 1D case. Atoms are
trapped in a 1D optical lattice with an internal three-level
Λ-type configuration coupled to radiation by a standing wave
(red line) and a running wave (blue line). The induced Raman
potential M(x) is anti-symmetric with respect to each lattice
site.
IV. SO COUPLINGS BEYOND ONE
DIMENSION
Until 2016, only the 1D SO couplings had been re-
ported in experiments. Realization of SO couplings be-
yond 1D regime is much more important for quantum
simulation [79, 80, 83, 114, 117–121]. It is because a
high-dimensional SO coupling (e.g. the 2D Rashba term)
corresponds to a non-Abelian gauge potential, which is
associated with nonzero Berry’s curvature and nontrivial
geometric or topological effects, while 1D SO coupling is
an Abelian potential and does not give a nonzero Berry
curvature. The study of broad classes of novel topologi-
cal states necessitates the realization of high-dimensional
SO couplings, such as the 2D and 3D topological insulat-
ing states, Weyl semimetals, and topological superfluid
phases. The previous schemes for realizing 2D and 3D SO
couplings include the tripod scheme [59] and its multipod
extension [81], ring-structure coupling scheme [84], and
realization with magnetic pulses [85, 87]. Nevertheless,
except for the tripod scheme successfully demonstrated
in the recent experiment [88], most of these schemes are
hard to achieve in real cold atom experiments.
Optical Raman lattice.–Recently, the so called opti-
cal Raman lattice schemes are proposed to realize high-
dimensional SO couplings and novel topological quantum
phases. The essential idea of the optical Raman lattice
is that one combines the realization of conventional opti-
cal lattice, which governs the normal hopping of atoms,
and the periodic Raman lattice, which determines spin-
flip hopping couplings, in the system. Moreover, such
realization of optical and Raman lattices are achieved
through transitions induced by the same optical fields.
A consequence of this combination is that the generated
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conventional optical lattice and Raman lattice exhibit an
automatically fixed relative spatial configuration, satis-
fying certain intrinsic relative space symmetries without
any fine tunings. It turns out that, with such space sym-
metries, not only the realization of high-dimensional SO
couplings can be greatly simplified, but also the resulted
SO coupled systems naturally host various types of topo-
logical phases. The experimental realizations of optical
Raman lattices have been successfully achieved in 1D and
2D regimes. In the following we shall review the details of
optical Raman lattice schemes, and the recent important
experimental progresses.
A. Optical Raman lattice: 1D case
1. Model
To illustrate how the optical Raman lattice scheme
works, we first consider 1D regime, as proposed in
Ref. [101, 122]. As shown in Fig. 6, the 1D blue-detuned
optical Raman lattice is formed through a simple Λ-type
configuration, with a standing-wave beam Ω1 (red line,
along x direction) and a running wave beam Ω2 (blue line,
along y direction) being applied [101]. The standing-
wave beam applies to both the spin-up |g↑〉 and spin-
down |g↓〉 states. For linearly polarized leaser beams,
the standing wave field generates a 1D optical lattice
which is spin-independent. Namely, the lattice poten-
tial reads Vlatt(x) = V0 cos
2 k0x, with V0 ∝ |Ω1|2/∆.
Further applying the running wave beam generates the
Raman coupling potential through the two photon pro-
cess, given by M(x) = M0 cos k0x, with the amplitude
M0 ∝ |Ω1Ω2|/∆. All the irrelevant phase factors, in-
cluding the initial phases of beams and eik0y in Ω2, are
ignored. The realized 1D Hamiltonian reads
H1D =
~2k2x
2m
+ V0 cos
2 k0x+M0 cos k0xσx +
δ
2
σz, (27)
where the tunable two-photon detuning δ plays the role
of an effective Zeeman splitting. Before proceeding, we
give a few remarks on the above realization. First, the
whole setting applies only two laser beams which can be
generated from a single laser source, and no fine tuning is
required. Secondly, both the optical lattice and Raman
lattice are generated through the same standing wave
beam Ω1. This leads to a fixed relative configuration
between Vlatt and M(x), namely, a) the periodicity of
M(x) is one-half of that of Vlatt; b) the Raman potential
is antisymmetric with respect to each lattice site of Vlatt.
This relative configuration is topologically stable, since
any phase fluctuations, if existing in the laser beams,
only lead to global shift of the optical Raman lattice,
but cannot affect the relative configuration. We shall see
that with this relative space symmetry the optical Ra-
man lattice can naturally realizes nontrivial topological
phases.
The topological physics can be best seen with the tight-
binding model, while we emphasize that the following re-
sults are not restricted in the tight-binding regime. Con-
sider the lowest s-band model, the tight-binding Hamil-
tonian generally takes the form
HTB =
∑
〈i,j〉,σ
tij0 c
†
iσcjσ +
∑
i
δ
2
(ni↑ − ni↓)
+
∑
〈i,j〉
(tijsoc
†
j↑cj+1↓ + h.c.), (28)
where cjσ (c
†
jσ) are the annihilation (creation) operators
of s-orbit for spin σ =↑, ↓ at lattice site j and the atom
number operator njσ ≡ c†jσcjσ. Here the spin-conserved
hopping couplings tij0 are induced by the lattice potential,
given by
tij0 =
∫
dxφ(i)sσ (x)
[
~2k2x
2m
+ Vlatt(x)
]
φ(j)sσ (x), (29)
with φ
(j)
sσ (x) being the Wannier functions for s-bands, and
the Raman-coupling driven spin-flip hopping coefficients
tijso are
tijso =
∫
dxφ
(i)
s↑ (x)M(x)φ
(j)
s↓ (x). (30)
Since the wavefunctions φ
(i)
sσ (x) are spin-independent
(due to the spin-independent lattice) and satisfy
φ
(j)
sσ (x) = φ
(0)
sσ (x− xj), it follows that tij0 = −t0 with
t0 = −
∫
dxφ(0)s (x)
[
~2k2x
2m
+ Vlatt(x)
]
φ(0)s (x− a). (31)
On the other hand, from the relative space antisymmetry
of Raman coupling potential, one can find that
tj,j±1so = ±(−1)jtso, (32)
with
tso = M0
∫
dxφ(0)s (x) cos(k0x)φ
(0)
s (x− a). (33)
The staggered property of the spin-flip hopping can
be absorbed by a gauge transformation that cj↓ →
−eipixj/acj↓, where a denotes the lattice constant. The
tight-binding model is finally written as
HTB = −t0
∑
〈i,j〉
(c†i↑cj↑ − c†i↓cj↓) +
∑
i
δ
2
(ni↑ − ni↓)
+
∑
j
tso(c
†
j↑cj+1↓ − c†j↑cj−1↓) + h.c.
 . (34)
It can be seen that the gauge transformation effectively
reverses the sign of the hopping coefficient of spin-down
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FIG. 7: (Color online) Illustration of band structure of 1D optical Raman lattice in the s-band regime. (I) The pi/a-momentum
transfer effectively reverses the sign of hopping coefficient of one spin state (spin-up); (II) The SO coupling opens a topological
gap, leading to a 1D AIII class topological insulator.
states. Transforming the Hamiltonian to momentum
space yields (with mz =
δ
2 )
HTB =
∑
k
c†k,sHss′(kx)ck,s′ , (35)
H(kx) = (mz − 2t0 cos kxa)σz + 2tso sin kxaσy.
From the above results one can see that the Raman cou-
pling has two novel effects: a) it induces pi/a-momentum
transfer between spin-up and spin-down states; b) it fur-
ther induces the SO coupling. This is a direct conse-
quence of the relative configuration between Raman and
optical lattices. The two effects can also be pictorially de-
scribed in Fig. 7. In particular, the pi/a-momenta trans-
fer effectively reverses the sign of hopping coefficients of
one spin states (say spin-up), and the remaining SO cou-
pling further opens a gap, giving an insulating phase with
nontrivial topology.
2. 1D AIII class topological insulator
By a direct check one can see that the time-reversal
symmetry T = iσyK is broken for the Hamiltonian,
where K is the complex conjugate. On the other hand,
the charge-conjugation (particle-hole) symmetry, defined
by C : (cs, c†s) → (σz)ss′(c†s′ , cs′), is also broken. The
chiral symmetry, defined as the product of the charge-
conjugation and time-reversal symmetry is conserved,
with (CT )H(CT )−1 = H, and (CT )2 = 1. Note that
the charge-conjugation is a unitary symmetry, and the
chiral symmetry is anti-unitary. The complete symme-
try group of the Hamiltonian is U(1) × ZT2 , with ZT2
being an anti-unitary group formed by {I, CT }. In the
first quantization picture the chiral symmetry is imply
S = σx, and is satisfied even when a myσy term ex-
ists in the Hamiltonian. From the symmetry analysis we
know that the Hamiltonian H belongs to chiral unitary
(AIII) class according to the Altland-Zirnbauer ten-fold
classification [123], and its topology is characterized by
an integer Z, namely the 1D winding number, given by
N1D =
1
4pii
∫
dkxTr
[
σxH−1(kx)∂kxH(kx)
]
=
1
2pi
∫
dkxhˆz∂kx hˆy, (36)
where (hˆy, hˆz) = (hy, hz)/h, with hy = 2tso sin kxa, hz =
mz − 2t0 cos kxa, and h = (h2y +h2z)1/2. By a straightfor-
ward calculation one can find that
N1D =
{
1, for |mz| < 2t0,
0, for |mz| > 2t0. (37)
The nonzero winding number can simply interpreted that
the spin axis of the lower subband winds one complete cir-
cle when the momentum k runs over the FBZ, as sketched
in Fig. 8.
The nontrivial topology with |mz| < 2t0 can support
degenerate boundary modes. Considering open bound-
aries located at x = 0, L, respectively and diagonaliz-
ing H in position space H =
∑
xi
H(xi) with H(xi) =
−(tsσz + it(0)so σy)cˆ†xi cˆxi+a +mzσz cˆ†xi cˆxi + h.c., we obtain
the edge state for the boundary x = 0 as
ψL(xi) =
1√N [(λ+)
xi/a − (λ−)xi/a]|χ+〉, (38)
and accordingly the one on x = L by ψR(xi) =
1√N [(λ+)
(L−xi)/a − (λ−)(L−xi)/a]|χ−〉, with N being
the normalization factor, the spin eigensates σx|χ±〉 =
±|χ±〉, and λ± = (mz ±
√
m2z − 4t2s + 4|t(0)so |2)/(2ts +
2|t(0)so |). Thus the two edge modes are polarized to
the opposite ±x directions. Note ψL and ψR span the
complete Hilbert space of one single 1/2-spin or spin-
qubit. Each edge state equals one-half of a single spin,
namely, a 1/4-spin. Furthermore, the edge state to 1/2-
fractionalization. A convenient way is to consider the
𝐸+ 𝑘  
𝐸− 𝑘  
𝑘 0 −𝜋 𝜋 
𝒏 (𝑘𝑥) =
𝒉
𝒉
 
Mapping:    
𝑘𝑥 ↦ 𝒏  
𝒏 (𝑘𝑥) 
FIG. 8: The nonzero winding number implies that the spin
polarization axis ~h of the Bloch states winds over one circle
when k runs over the FBZ. This lead to a mapping between
k space and the S1 circle and covers the S1 completely.
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semi-infinite geometry which has the open boundary at
x = 0. We then calculate the particle number of the zero
mode localized on this boundary. Note the total number
of quantum states in the system is given by
N =
∑
E<0
〈ψE |nˆE |ψE〉+
∑
E>0
〈ψE |nˆE |ψE〉+ 〈ψ0|nˆE |ψ0〉,
(39)
where we denote by nˆE = I the state number opera-
tor and |ψE〉 is the eigenstate with energy E. Since
the Hamiltonian satisfies {H, σx} = 0, the energy spec-
trum is symmetric. We have then
∑
E<0〈ψE |nˆE |ψE〉 =∑
E>0〈ψE |nˆE |ψE〉. It follows that∑
E<0
〈ψE |nˆE |ψE〉 = 1
2
[N − 〈ψ0|nˆE |ψ0〉]. (40)
The particle number of the zero mode depends on its
occupation. If the zero mode is unoccupied, the particle
number of it is given by
n0 =
∑
E<0
[〈ψE |nˆE |ψE〉1 − 〈ψE |nˆE |ψE〉0]. (41)
Here 〈〉1 and 〈〉0 represents the cases with one (topologi-
cal phase) and zero (trivial phase) bound modes, respec-
tively. Using the Eq. (40) one finds directly
n0 = −1
2
〈ψ0|nˆE |ψ0〉 = −1
2
. (42)
Similarly, if the zero mode is occupied, the particle num-
ber is n0 = 1/2. It is trivial to know that this result
can be applied to the case with two boundaries located
far away from each other, say respectively at x = 0 and
x = L. Since the two zero modes are obtained indepen-
dently, each of them carries +1/2 (−1/2) particle if it is
occupied (unoccupied).
3. Interacting effects on topology
The Z classification implies that single-particle cou-
plings respecting U(1) and CT cannot gap out the edge
modes in arbitrary N -chain system of 1D lattices. The
topological classification can be reduced with interac-
tions. In other words, in the presence of interaction,
the edge states may split out even the system respects
the U(1) and CT symmetry. It was shown the Ref. [101]
that with the following generic interactions between edge
modes at one side (left or right) of N chains
Hint =
N∑
j,j′
∑
{12...j;1′2′...j′}
V 1
′2′...j′
12...j c
†
1c
†
2...c
†
jcj′ ...c2′c1′
+H.c., (43)
where V 1
′2′...j′
12...j = (V
1′2′...j′
12...j )
∗ to ensure the chiral sym-
metry, the edge-state degeneracy of this side is still pro-
tected until the number of chains reaches N = 4. This
implies that under (arbitrarily small) interactions the
topological classification of 1D AIII insulator reduces
from Z to Z4. This result can also be understood from
the projective representations of the U(1)× ZT2 symme-
try group. It can be shown that the U(1) × ZT2 group
has 4 inequivalent projective representations, with three
being topological and one trivial [124]. This also con-
firms that the topological classification reduces to Z4 by
interactions.
On the other hand, for a single chain of 1D AIII class
insulator, increasing interaction can lead to topological
phase transition. The relevant interaction includes the
onsite Hubbard interaction
HU = U
∑
j
nj↑nj↓, (44)
which is shown to renormalize the mass u = 2t0 and
magnetization w = mz, and thus can induce phase tran-
sition when the interaction exceeds critical value [101].
From the previous discussion we know that in the single-
particle regime the critical point of phase transition is
described by the scaling relation u = w. Under repul-
sive interaction, one can expect that u increases com-
pared with the linear scaling due to the detrimental ef-
fects of interaction. The new phase transition scaling
under interaction can be studied with standard bosoniza-
tion method, together with renormalization group (RG)
flow [125]. For convenience we rotate that σy, σz →
(σz,−σy). The Hamiltonian can then be written as
H → H ′ = −t(0)so ∑<i,j>,σ cˆ†iσ cˆjσ + HSO + HZ, with
HSO = ts
∑
j(−1)j(c†j↑cj+1,↓−c†j↑cj−1,↓+h.c.) and HZ =
Γy
∑
j(−1)j(ic†j↓cj↑ − h.c.). Note that the SO term and
spin-conserved hopping term are exchanged. The low-
energy physics can be well captured by the continuum
approximation (x = ja):
cjσ ≈
√
a[ψRσ(x)e
ikF x + ψLσ(x)e
−ikF x], (45)
with kF = pi/2. Neglecting the fast oscillating terms
we obtain the continuum representation of the two mass
terms by:
HSO ≈ iu
∫
dx (ψ†Lσ
xψR − ψ†RσxψL), (46)
HZ = w
∫
dx (ψ†Rσ
yψL + ψ
†
Lσ
yψR). (47)
Here u = 2tso, w = Γy. Using the standard bosonization
formula ψrs =
1√
2pia
e
− i√
2
[rφρ−θρ+s(rφσ−θσ)] with r = R,L
and s =↑, ↓, we reach the bosonized Hamiltonian densi-
ties
HSO = u
pia
sin
√
2φρ cos
√
2θσ, (48)
HZ = w
pia
cos
√
2φρ sin
√
2θσ. (49)
The topology of the system depends on which of u
and w flows to the strong-coupling regime first under
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RG. A direct power counting shows the same RG flow
for the masses u and w in the first-order perturbation.
Therefore the next-order perturbation expansion is nec-
essary to capture correctly the fate of the topological
phase transition. By deriving the RG flow equations up
to one-loop order [101], the renormalization to u,w, the
umklapp scattering gρ and spin backscattering gσ by:
du
dl
=
3−Kρ
2
u− gρu
4pivF
+
gσu
4pivF
,
dw
dl
=
3−Kρ
2
w +
gρw
4pivF
+
gσw
4pivF
,
dgρ
dl
=
g2ρ
pivF
,
dgσ
dl
=
g2σ
pivF
,
(50)
where the bare values of the coupling constants gρ =
−gσ = U, u = 2t(0)so , w = Γy, and l is the logarithm of
the length scale. Being a higher order correction, the
renormalization of Luttinger parameter Kρ has been ne-
glected. For U > 0, gσ marginally flows to zero and
can be dropped off. This is consistent with the result
that repulsive interaction cannot gap out the spin sec-
tor in the 1D Hubbard model. gρ is marginally rele-
vant and can be solved by gρ(l) =
pivF gρ(0)
pivF−gρ(0)l . Substitut-
ing this result into RG equations of u and w yields af-
ter integration u(l) = u(0)[1 − gρ(0)lpivF ]
1
4 e(3−Kρ)l/2, w(l) =
w(0)[1+
gρ(0)l
pivF
]
1
4 e(3−Kρ)l/2. As having been analyzed pre-
viously, the repulsive interaction (gρ > 0) suppresses SO
induced mass term u while enhances the trivial mass term
w. With these results one can find that that the scaling
of topological phase transition is given by [101]
u(0) =
[
w(0)
]γ
, γ ≈ 1− gρ(0)
pivF (3−Kρ) , (51)
where u(0) and w(0) denote their bare values (before hav-
ing interactions), gρ(0) is the umklapp scattering coeffi-
cient, and Kρ is the Luttinger coefficient of the charge
sector. Note that in the original paper of Ref. [101] a
“1/4”-factor was wrongly included in the second term of
γ by carelessness. For repulsive interaction U > 0, one
has γ < 1 . The above scaling relation implies that a re-
pulsive interaction suppresses the topological phase (note
that the bare value u(0), w(0) < 1 for the weak coupling
regime). Accordingly, if initially the noninteracting sys-
tem is topologically nontrivial with u(0) > w(0) > 0,
increasing U to the regime u(0) < [w(0)]γ can drive the
system into a trivial phase.
4. Further studies
With optical Raman lattice many interesting physics
can be explored besides the studies introduced above. In
particular, it was shown that if adding an s-wave pair-
ing potential, the AIII class topological phase enters into
a 1D BDI class topological SC/superfluid. A resonant
cross Andreev reflection was predicted in such topological
SC [126], as a consequence of oppositely spin-polarized
edge modes in the left and right hand ends of the 1D
system. On the other hand, by putting the current sys-
tem in a cavity a novel topological phase, called topo-
logical superradiant phase [127], was proposed, and was
further generalized to the superfluid regimes [128]. Fi-
nally, with the relative configuration between Raman and
optical lattices a Hidden nonsymmorphic symmetry was
pointed out for the optical Raman lattice system, and
was shown to be responsible for the degeneracy at the
first Brillouin zone [129, 130].
5. Experimental realization
The optical Raman lattice scheme for 1D topological
state was realized very recently by HKUST group col-
laborating with PKU group with the alkali earth 173Yb
fermions [131]. The realization with alkali earth atoms
is of explicit advantage in having a long lifetime due to
the absence of relatively small fine-structure splitting be-
tween D1 and D2 lines which limits the realization of
SO coupling in alkali atoms to apply near-resonant op-
tical transitions. Another peculiar property of the re-
alization in 173Yb atoms is that the optical lattice is
spin-dependent, rather than spin-independent, namely
V ↑latt(x) 6= V ↓latt(x). In this case, the chiral symmetry
discussed in the above subsection is generically not sat-
isfied. Interestingly, it was shown in the work that the
1D topological phase and degenerate end states can still
be obtained, and are protected by two hidden symme-
tries called magnetic group and non-local chiral symme-
tries [131]. The quenching dynamics are also investigated
in the experiment, with a nontrivial topology-dependent
spin relaxation dynamics being observed.
B. Optical Raman lattice: 2D case
1. Model
The optical Raman lattice scheme can be generalized
to the 2D case. As was proposed in [86], a basic model
of 2D optical Raman lattice for spin-1/2 system reads
H2D =
~2k2
2m
+ Vlatt(x, y) +mzσz +Mx(x, y)σx
+My(x, y)σy, (52)
where the spin-independent lattice potential Vlatt(x, y) =
V0(cos
2 k0x + cos
2 k0y), the Raman lattice potentials
Mx = M0 cos k0x sin k0y and My = M0 cos k0y sin k0x,
with (V0,M0) being the amplitudes, and the constant
Zeeman term mz relates to the two-photon detuning by
mz = δ/2. Similar to the 1D model, in the present 2D op-
tical Raman lattice each Raman potential (Mx or My) is
antisymmetric with respect to lattice potential Vlatt(x, y)
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along one direction (e.g. the x direction for Mx), while it
is symmetric along another direction (the y direction for
Mx). We shall see that this fundamental model Hamil-
tonian naturally realizes 2D SO coupling and can bring
about rich topological phases [86, 89].
FIG. 9: The Raman lattice scheme in 2D case [89]. (a) Sketch
of the setup for realization. The light components E1x,1z (blue
lines) form a spin-independent square optical lattice in the
intersecting area and generate two periodic Raman potentials,
together with the light components E2x,2z (red lines). (b)
All the relevant optical transitions for 87Rb atoms, including
the D2 (5
2S1/2 → 52P3/2) and D1 (52S1/2 → 52P1/2) lines
of transitions. The spin is defined by | ↑〉 = |1,−1〉 and
| ↓〉 = |1, 0〉, ∆s denotes the fine-structure splitting, and δ is a
two-photon detuning. (c) Spin-flip hopping driven by Raman
potential Mx (left), and My (right). The Raman potential Mx
(My) drives spin-flip hopping along x (z) direction, with the
forwarding and backward hopping from a site having opposite
signs.
We introduce now how to realize the Hamiltonian (52).
The following realization is based on 87Rb bosons, as
proposed in Ref. [89]. However, the results are generi-
cally valid for both bosons and fermions. The 2D plane
is set in the x − z plane, as considered in Ref. [89].
The 2D Raman lattice scheme, sketched in Fig. 9(a),
consists of a blue-detuned square lattice created by two
standing-wave light components (blue lines), and two pe-
riodic Raman potentials generated with additional plane-
wave lights (red lines). The standing waves in the inter-
secting area are E1x = zˆE¯1xe
iϕL/2 cos(k0x − ϕL/2) and
E1z = xˆE¯1ze
iϕL/2 cos(k0z−ϕL/2), where E¯1x/1z are am-
plitudes and the phase ϕL = k0L is acquired through the
optical path L from intersecting point to mirror M1, then
toM2, and back to the intersecting point [Fig. 9(a)]. Here
the initial phases have been ignored. For alkali atoms, the
optical potential generated by linearly polarized lights is
spin-independent when the detuning ∆ is much larger
than the hyperfine structure splittings. The square lat-
tice potential then takes the form
Vlatt(x, z) = V0x cos
2(k0x−ϕL/2)+V0z cos2(k0z−ϕL/2),
(53)
where the amplitudes are given by
V0x/0z =
3∆ + 2∆s
3∆(∆ + ∆s)
α2D1E¯
2
1x/1z. (54)
Here ∆s denotes the energy splitting between the D1 and
D2 lines, as discussed in section III. The dipole matrix
elements αD2 = |〈J = 1/2||er||J ′ = 3/2〉| =
√
2αD1 =√
2|〈J = 1/2||er||J ′ = 1/2〉| = 4.227ea0, with a0 the
Bohr radius. The lattice potentials have taken into ac-
count all relevant transitions from D1 and D2 lines for
the alkali atoms. It can be seen that by simply tuning the
strengths |E¯1x| = |E¯1z|, we reach a square lattice with
the same depths along x and z directions.
The Raman couplings are induced by applying another
beam of frequency ω2, incident from the z direction.
This light along with lattice beams can be generated
from a single laser source via an acoustic-optic modulator
which controls their frequency difference δω = ω2 − ω1
and amplitude ratio. Two plane-wave fields are formed
at the intersecting point E2z = xˆE¯2ze
ik0z and E2x =
zˆE¯2xe
i(−k0x+ϕL+δϕL). The relative phase δϕL = Lδω/c,
acquired by E2x, can be precisely manipulated by chang-
ing the optical path L or δω, and it controls the dimen-
sionality of the realized SO coupling. The standing-wave
and plane-wave beams form a double-Λ type configura-
tion as shown in Fig. 9(b), with E1x and E2z generating
one Raman potential via |e1〉 in the form M0x cos(k0x−
ϕL/2)e
i(k0z−ϕL/2), and E1z and E2x producing another
one via |e2〉 as M0y cos(k0x − ϕL/2)e−i(k0z−ϕL/2)+iδϕL ,
with M0x(0y) ∝ E¯1x(1z)E¯2z(2x). Note that for the present
blue-detuned lattice, atoms are located in the region of
minimum intensity of lattice fields. It follows that terms
like cos(k0x−ϕL/2) cos(k0z−ϕL/2), which are antisym-
metric with respect to each lattice site in both x and z
directions, have negligible contribution to the low-band
physics. Neglecting such terms yields the Raman cou-
pling potentials
Mx(x, z)σx = (Mx −My cos δϕL)σx,
My(x, z)σy = My sin δϕLσy. (55)
Here Mx = M0x cos(k0x − ϕL/2) sin(k0z − ϕL/2) and
My = M0y cos(k0z − ϕL/2) sin(k0x − ϕL/2). Similar
to the calculation of the lattice potentials given above,
the amplitudes of the Raman potentials are obtained
straightforwardly that
M0x/y =
E¯1x/zE¯2z/xα
2
D1
6
√
2
(
1
∆
− 1
∆ + ∆s
). (56)
With the above results for square lattice and Raman
potentials, the total Hamiltonian is followed by
H2D =
~2k2
2m
+ Vlatt(x, z) +Mx(x, z)σx
+My(x, z)σy +mzσz, (57)
where the effective Zeeman term mz = δ/2 is consid-
ered [Fig. 9(b)]. The above Hamiltonian returns to that
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in Eq. (52) when the phase difference takes the optimal
value δϕL = pi/2, and replace z → y. The present scheme
is of topological stability, namely, the realization is intrin-
sically immune to any phase fluctuations in the setting.
Moreover, the relative phase δϕL determines the rela-
tive strength of σx and σy terms in the Raman potential,
which generates SO coupling along x and y directions,
respectively. Tuning δϕ between pi/2 and pi can reach a
crossover between the 2D and 1D SO couplings. If tuning
δω = 50MHz, we have δϕL = pi/2 for L = 1.5m, which
gives a 2D SO coupling, while δϕL = pi if increasing to
L = 3.0m, and the SO coupling becomes 1D form. Note
that the fluctuations, e.g. due to the mirror oscillations,
have very tiny effect on L and thus the relative phase.
These advantages ensure that this proposal can be real-
ized in experiment.
2. Chern insulator for s-bands
Similar to the 1D regime, the present 2D optical Ra-
man lattice can bring about nontrivial topological quan-
tum states. We consider the lowest s-band model for
the current consideration, while we emphasize that for
the lattice system, the generic high-band model can be
naturally obtained and may give rise to novel new topo-
logical physics. For convenience, we focus our study
on the isotropic case with V0x = V0z = V0, M0x =
M0y = M0 and δφL = pi/2. The topological physics
can be best understood with tight-binding model, while
all the results derived below in this section is not re-
stricted by tight-binding approximation, namely, they
are valid for non-tight-binding regime. Taking into ac-
count the spin-conserved and spin-flip hopping terms be-
tween the nearest-neighbor sites, we obtain the tight-
binding Hamiltonian for the s-bands by
HTI = −
∑
<~i,~j>,σ
t
~i~j
0 cˆ
†
~iσ
cˆ~jσ +
∑
<~i,~j>
(
t
~i~j
socˆ
†
~i↑cˆ~j↓ + H.c.
)
+
∑
~i
mz
(
nˆ~i↑ − nˆ~i↓
)
, (58)
where~i = (ix, iz) is the 2D lattice-site index, the particle
number operators nˆ~iσ = cˆ
†
~iσ
cˆ~iσ. The spin-conserved hop-
ping couplings t
~i~j
0 are induced by the lattice potential,
calculated by
t
~i~j
0 =
∫
d2rφ(
~i)
sσ (r)
[p2x + p2z
2m
+ Vlatt(r)
]
φ(
~j)
sσ (r), (59)
where φ
(~j)
sσ (r) denotes the s-orbital Wannier function at
the ~j-th site at the spin state σ. On the other hand, the
spin-flip hopping couplings t
~i~j
so are driven by the Raman
potentials Mx(x, z) and My(x, z), which are antisymmet-
ric with respect to each square lattice site along x and z
directions, respectively, and are obtained by
t
~i~j
so =
∫
d2rφ
(~i)
s↑ (r)[Mx(x, z)σx +My(x, z)σy]φ
(~j)
s↓ (r).(60)
It is trivial to know that t
~i~j
0 for the nearest-neighbor hop-
ping is a constant in all directions, namely t
~i~i±~1
0 = t0. On
the other hand, from the Raman potential configurations
we have that
∫
d2rφ
(~i)
s↑ (r)Mx(x, z)φ
(~j)
s↓ (r) =
∫
d2rφ
(~i)
s↑ (r)M0 cos(k0x) sin(k0z)φ
(~j)
s↓ (r)
= (−1)ix+izM0
∫
d2rφ0,0s↑ (r) cos(k0x) sin(k0z)φ
jx−ix,jz−iz
s↓ (r)δizjz (1− δix,jx), (61)
∫
d2rφ
(~i)
s↑ (r)My(x, z)φ
(~j)
s↓ (r) =
∫
d2rφ
(~i)
s↑ (r)M0 cos(k0z) sin(k0x)φ
(~j)
s↓ (r)
= (−1)ix+izM0
∫
d2rφ0,0s↑ (r) cos(k0z) sin(k0x)φ
jx−ix,jz−iz
s↓ (r)δixjx(1− δiz,jz ). (62)
The above formulas show that the Raman potential
Mx(x, z) only induces the spin-flip hopping along x di-
rection, while My(x, z) only induces the spin-flip hop-
ping along z direction, both of them cannot drive on-
site spin-flip transitions. These properties are resulted
from the antisymmetry of Mx(x, z) (My(x, z)) along x
(z) direction [Fig. 9(c)]. Note that we have neglected
the term M0 cos(k0x) cos(k0z) in the originally realized
Hamiltonian, which is antisymmetric with respect to lat-
tice site along both x and z directions, cannot induce hop-
ping along either x or z direction, nor induce the onsite
spin-flip coupling within the s-band. The leading-order
nonzero contribution of this term is the onsite transi-
tion between s-band and pxpz-band (not px or pz band),
which is negligible when the Raman lattice is weak com-
pared with the square lattice potential Vlatt.
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From the Eqs. (61) and (62), and together with the
antisymmetry of Raman potentials, it can be read that
the spin-flip hopping terms between two neighboring sites
satisfy
tjx,jx±1so = ±(−1)jx+jz tso,
tjz,jz±1so = ±i(−1)jx+jz tso, (63)
where tso = M0
∫
d2~rφ0,0s (x, z) cos(k0x) cos(k0z)φ
0,0
s (x −
a, z) is proportional to Raman coupling strength M0.
Note that the staggered property of the SO terms are
a consequence of the relative spatial configuration of the
lattice and the Raman potentials, namely, the period-
icity (unit cell) of the Raman lattice is one-half (dou-
ble) of the square lattice periodicity (unit cell), and the
Raman potential Mx(x, z) (My(x, z)) is antisymmetric
along x (z) direction, while symmetric along z (x) di-
rection [Fig. 9(c)]. Since the relative spatial profiles of
the Raman potentials and the square lattice are deter-
mined by the same standing wave lights and are auto-
matically fixed, these properties are topologically stable
against any kind of fluctuations in the system.
The staggered spin-flip hopping terms described in
Eq. (63) bring about two important effects. First, the
staggered property implies that the coupling between
spin-up and spin-down states transfers pi/a momentum
between them along both x and z direction, which ef-
fectively shifts the Brillouin zone by half for the spin-
down relative to spin-up states. This is exactly similar
to the situation in the 1D optical Raman lattice, as dis-
cussed previously. Moreover, in additional to the rela-
tive half Brillouin zone shift, the remaining effect of the
spin-flip hopping leads to the normal Rashba type SO
coupling in the x − z plane. Note that the former effect
can be absorbed by redefining the spin-down operator
cˆ~j↓ → eipi~r~j/acˆ~j↓. We recast the tight-binding Hamilto-
nian into
HTB = −t0
∑
〈~i~j〉
(
c†~i↑c~j↑ − c
†
~i↓c~j↓
)
+
∑
~i
mz(n~i↑ − n~i↓)
+
[∑
jx
tso(c
†
jx↑cjx+1↓ − c
†
jx↑cjx−1↓) + h.c.
]
+
[∑
jz
itso(c
†
jz↑cjz+1↓ − c
†
jz↑cjz−1↓) + h.c.
]
. (64)
Note that the Raman potential Mx(x, z) only induces
the spin-flip hopping along x direction, while My(x, z)
only induces the spin-flip hopping along z direction.
These properties are resulted from the antisymmetry of
Mx(x, z) [My(x, z)] along x (z) direction. Just like the
1D Hamiltonian [Eqs. (34)], the opposite signs in t0 terms
are due to the relative (pi, pi)-momentum transfer between
spin-up and spin-down Bloch states. The staggered prop-
erty of the SO terms are a consequence of the relative spa-
tial configuration of the lattice and the Raman potentials,
namely, the Raman potential Mx(x, z) [My(x, z)] is anti-
symmetric along x (z) direction, while symmetric along
z (x) direction [Fig. 9(c)].
Transforming the tight-binding Hamiltonian into mo-
mentum space yields HTB =
∑
q,sσ,σ′ c
†
qσHσσ′(q)cqσ′ ,
with the Bloch Hamiltonian
H(q) = [mz − 2t0(cos qxa+ cos qza)]σz
+ 2tso sin qxaσy + 2tso sin qzaσx, (65)
which is a typically two-band model of the form H(q) =∑
α=x,y,z hα(q)σα, with hx(q) = 2tso sin qza, hy(q) =
2tso sin qxa and hz(q) = mz − 2t0(cos qxa+ cos qza), giv-
ing the spectra E± = ±
√∑
α h
2
α(q). When |mz| 6= 4t0 or
0, the system is fully gapped in the bulk; otherwise, the
system has one or two Dirac points. This Bloch Hamil-
tonian around Γ point takes the form
H(q) ≈ [mz − 4t0 + t0(q2xa+ q2za)]σˆz
+λsoqxσˆy + λsoqzσˆx, (66)
with λso = 2atso. Thus the lowest s-band model is de-
scribed by a normal Rashba type SO coupling in a square
lattice, plus the kinetic energy term coupling to spin com-
ponent σz term. This is in sharp contrast to a purely
Rashba SO coupled system which is topologically triv-
ial in the single-particle regime. The present realization
gives a minimal two-band QAH model driven by 2D SO
coupling, which was shown to exhibit novel topological
features in both the bulk and the edge [132]. We note
that this model cannot be precisely realized with solid
state materials, where the minimal case is a four-band
model [133], but has been firstly achieved in the ultra-
cold atoms.
The topology of the present QAH model is character-
ized by Chern number, which can be calculated by
Ch1 = − 1
24pi2
∫
dωdkxdkyTr
[
GdG−1
]3
, (67)
where the Green’s function G−1(ω,q) = ω+ iδ+−H(q),
and the trace is operated on the spin space. Integrating
over the frequency space yields that
Ch1 =
1
4pi
∫
dqxdqzhˆ · ∂qx hˆ× ∂qz hˆ, (68)
where hˆ = (hx, hy, hz)/|h(q)|. By a straightforward cal-
culation one can find that
Ch1 =
{
sgn(mz), for 0 < |mz| < 4t0,
0, for |mz| > 4t0, or mz = 0. (69)
While the Chern number can in principle be determined
by measuring the Berry’s curvature at the whole q space,
the precise measurement could be quite challenging in the
real experiment. Interestingly, the Chern number of the
current system can be measured by a much simpler way
as introduced below, due the symmetry of the present
optical Raman lattice.
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FIG. 10: Band structure and spin texture of the s-bands [89].
(a-c) Two examples of gapped band structure with nontriv-
ial (a) or trivial (c) topology. (b,d) The band structure and
spin polarization distributions 〈σz〉 for the topological (b) and
trivial (d) cases. Here V0 = 5Er, M0 = 1.2Er and mz = 0.1Er
(a,b), or 0.4Er (c,d).
3. Detecting band topology by minimal measurements
As the topology of a Chern band is classified by Chern
numbers, and also characterized by chiral edge states in
the boundary, the detection of Chern bands can in princi-
ple be performed by measuring the bulk Chern number or
chiral edge states. For the edge states, the measurement
strategy includes the light-Bragg scattering which can
detect the spectra of the edge modes [134–137]. On the
other hand, for a Chern band in a synthetic dimension,
the edge states can be easily imagined directly [138, 139].
The bulk Chern number can be in principle be mea-
sured by imaging the Berry curvature over the Brillouin
zone [140, 141], e.g. through the Hall transport measure-
ment. The Chern number is given by the integral of the
Berry curvature over Brillouin zone. The measurements
of Bulk Chern number were performed in the recent ex-
periments [142–145].
In the present Chern insulator realized with 2D op-
tical Raman lattice, a minimal measurement of the
Chern number can be performed due to the novel in-
version symmetry existing in the model, as proposed in
Ref. [146]. The inversion symmetry of the Hamiltonian
H2D is defined by P = σz ⊗ R2D, giving PH2DP−1 =
H2D, where the 2D spatial operator R2D transforms
the Bravais lattice vector R → −R. Thus, the Bloch
Hamiltonian satisfies PH(q)P−1 = H(−q), which gives
[σz,H(Λj)] = 0 at four highly symmetric momenta
{Λj} = {Γ(0, 0), X1(0, pi), X2(pi, 0),M(pi, pi)}. It is then
indicated that in the tight-binding regime the Bloch
states |u±(Λj)〉 are also eigenstates of the parity oper-
ator σz with eigenvalues ξ
(±) = +1 or −1. Therefore,
similar to topological insulators [147], one can define the
following invariant
Θ =
∏
j
sgn
[
ξ(−)(Λj)
]
. (70)
It has been proven rigorously that Θ = +1 when the
band is in trivial, and Θ = −1 when the band is topo-
logical [146]. Such generic proof needs to construct a
nontrivial connection between the inversion symmetric
QAH system and the time-reversal invariant topological
insulating system. Moreover, the Chern number of the
lower band is given by [146]
Ch1 = −1−Θ
4
∑
i
sgn
[
ξ(−)(Λj)
]
. (71)
For the present specific system, it is straightforward to
check that when the Zeeman term varies from mz & 0
to mz . 0, two parity eigenvalues ξ(−)(X1,2) change sign
and then Ch1 changes from 1 to −1. Also, the Chern
number vanishes for |mz| > 4t0.
The fact that the topology of the inversion symmetric
bands can be determined by only the Bloch states at four
symmetric momenta can greatly simplify the experimen-
tal detection of the topological bands. In the experiment
at low but finite temperature T , the parity eigenvalues
can be measured through the spin polarizations at the
corresponding Bloch momenta. The measured spin po-
larization at momentum q is given by
P (q) =
n↑(q, T )− n↓(q, T )
n↑(q, T ) + n↓(q, T )
, (72)
with n↑,↓(q, T ) being the density of atoms of the corre-
sponding spin state at temperature T in the first Bril-
louin zone. At the four symmetric momenta, the spin-
polarization measured in the experiment is
P (Λj) ≈ ξ(−)(Λj)f(E(−)(Λj), T ) + ξ(+)(Λj)
× f(E(+)(Λj), T ),
≈ ξ(−)(Λj)
[
f(E(−)(Λj), T )− f(E(+)(Λj), T )
]
,
(73)
where the distribution function f(E) = 1/[e(E−µ)/kBT −
1] if the topological band is simulated with bosons,
and f(E) = 1/[e(E−µ)/kBT + 1] if it is simulated with
fermions, with µ being the chemical potential, and
E(−)(q) and E(+)(q) are the energy of the lower and up-
per s-bands, respectively. Note that f(E(−)(Λj), T ) >
f(E(+)(Λj), T ), which ensures
sgn[ξ(−)(Λj)] = sgn[P (Λj)]. (74)
The above result implies that the measurement of the
spin-polarization at low but finite temperature can be ap-
plied to determine the Chern number of the Bloch bands.
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From the expectation values of σz one can find that the
Bloch bands are topological in Fig. 10(a,b) and trivial
in Fig. 10(c,d). Further, together with the Eq. (71), in
the former topological regime we have the Chern num-
ber Ch1 = +1 for the lower band and Ch1 = −1 for the
upper band [Fig. 10(b)].
C. Experimental realization of 2D SO coupling and
topological bands
Wu et al. [89] performed the first experimental real-
ization of the 2D Raman lattice scheme in a Bose gas
of 87Rb atoms. In the setup, the frequency difference is
set at δω = 35MHz, and the relative phase δϕL is con-
trolled by the propagating length between the two mir-
rors [Fig. 9(a)]. Two observations are mainly preformed:
(i) The crossover between 1D and 2D SO couplings, which
is reflected by the atom distributions in spin-resolved
TOF images. (ii) The measurements of spin texture and
band topology. The Chern number Ch1 [Eq. (71)] can
be readily read from the measured spin texture at a well-
chosen temperature.
1. 1D-2D crossover
The atoms are first prepared in the spin-up state and
then adiabatically loaded into the Γ point. The spin-
resolved TOF expansion is performed to projects Bloch
states onto free momentum states with fixed spin polar-
izations. Figure 11(a) shows the TOF images for vari-
ous values of δϕL. For spin-up (| ↑〉) state, five atom
clouds are observed: besides the major BEC cloud re-
tained at momentum (kx, kz) = (0, 0), four small frac-
tions of BEC clouds are transferred to momenta (±2k0, 0)
and (0,±2k0) by the first-order transition due to the lat-
tice potential Vlatt. The SO coupling is reflected by the
two or four small BEC clouds in the state | ↓〉, depend-
ing on δϕL, at the four diagonal corners with momenta
(±k0,±k0). These atom clouds are generated by the Ra-
man transitions, which flip spin and transfer momenta
of magnitude
√
2k0 along the diagonal directions. As
given in Eq. (55), the Raman terms Mx and My de-
pend on δϕL. For δϕL = pi/2, four small clouds in state
| ↓〉 with TOF momentum ~k = (±k0,±k0) are observed,
reflecting the 2D SO coupling. On the other hand, by
tuning the relative phase to δϕL = 3pi/4, the population
of atom clouds in the two diagonal directions becomes
imbalanced. Furthermore, the system reduces to 1D SO
couplings when δϕL = pi and 2pi, with Mx = Mx ±My
and My = 0. In this case, the Raman pumping only
generates a single diagonal pair of BEC clouds, as shown
in Fig. 11a for δϕL = pi, 2pi. This is similar to the 1D SO
coupling in the free space, where the Raman coupling
flips the atom spin and generates a pair of atom clouds
with opposite momenta. Fig. 11(a) also shows a differ-
ence of distribution between lower left and upper right
BEC clouds at | ↓〉, which is due to non-tight-binding
correction. A simple analysis reveals that while the fully
antisymmetric Raman terms cos(k0x + α) cos(k0z + β)
have negligible effects in the tight-binding limit of the
lattice, they give finite contributions in the moderate
lattice regime and are responsible for such difference
of distribution. To quantify crossover effect, we define
W = (Nxˆ−zˆ −Nxˆ+zˆ)/(Nxˆ−zˆ +Nxˆ+zˆ) to characterize the
imbalance of the Raman coupling induced atom clouds,
with Nxˆ±zˆ denoting the atom number of the two BEC
clouds along the diagonal xˆ ± zˆ direction. The result of
W is shown in Fig. 11(b) and is characterized by a simple
cosine curve cos δϕL, signifying the crossover between 2D
and 1D SO couplings realized in the present BEC regime.
2. Band topology
To detect the topology of the bands, the spin distri-
bution in the first Brillouin zone is measured for the 2D
isotropic SO coupling with δϕL = pi/2. For this purpose,
a cloud of atoms needs to prepared at a temperature such
that the lowest band is occupied by a sufficient number
of atoms, whereas the population of atoms in the higher
bands is small. Measurements of spin texture at differ-
ent temperatures [89] suggest that a temperature around
T = 100nK is preferred to extract the spin texture in-
formation of the lowest band. In comparison, if the tem-
perature is too high, atoms are distributed over several
bands and the visibility of the spin polarization will be
greatly reduced, while a too low temperature can also
reduce the experimental resolution since the atoms will
be mostly condensed at the band bottom.
The spin polarization is then measured as a function of
detuning mz to reveal the topology of the lowest energy
band, with V0 = 4.16Er and M0 = 1.32Er. The numer-
ical calculations and TOF measured images of P (q) are
given in Fig. 11(c), which also show agreement between
the theoretical and experimental results. In Fig. 11(d),
the values of polarization P (Λj) are plotted for the four
highly symmetric momenta Γ , X1, M and X2. It can be
seen that P (X1) and P (X2) always have the same sign,
while the signs of P (Γ ) and P (M) are opposite for small
|mz| and the same for large |mz|, with a transition oc-
curring at the critical value of |mcz| which is a bit larger
than 0.4Er. At transition points the spin-polarization
P (X1) or P (X2) vanishes due to the gap closing and ther-
mal equilibrium. From the measured spin polarizations,
the product Θ and the corresponding Chern number are
readily read off and also plotted [Fig. 11(d)]. The results
agree well with numerical calculations which predict two
transitions between the topologically trivial and nontriv-
ial bands near mcz ≈ ±0.44Er. Note that around mz = 0,
the spin-polarizations at X1,2 change sign through zero,
implying the gap closing at X1,2 and a change of Chern
number by 2. This confirms that for the 2D SO coupled
system realized in the present experiment, the energy
band is topologically nontrivial when 0 < |mz| < |mcz|,
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FIG. 11: Experimental demonstration [89]. (a-b) The crossover between 1D and 2D SO couplings. Spin-resolved TOF images of
BEC atoms are shown for different relative phase δϕL (a) and the imbalance W between the Raman coupling induced atoms in
the two diagonal directions is measured as a function of δϕL (b). (c-d) Spin texture and band topology. Spin texture at different
mz is shown by tuning the two-photon detuning (c). Experimental measurements (lower row) are compared to numerical
calculations at T = 100nK (upper row). Spin polarization P (Λj) at the four symmetric momenta {Λj} = {Γ , X1, X2,M} can
be readily read as a function of mz (c), which determines the product Θ = Π
4
j=1sgn[P (Λj)] and the Chern number Ch1. In all
the cases, V0 = 4.16Er and M0 = 1.32Er.
while it is trivial for |mz| > |mcz|.
D. Recent improvement of the realization and
generalization to 3D SO coupling
While the blue-detuned optical Raman lattice exhibits
high feasibility in realizing the 2D SO coupling and topo-
logical physics, it still suffers a couple of limitations for
the study. First, the realization is restricted in the blue-
deunted regime, which has a limited tunability in the
relative strength of the lattice and Raman potentials,
since the optical transitions from D1 and D2 lines cancel
out the Raman potentials. Moreover, the present scheme
lacks the precise C4 and inversion symmetry P due to the
presence of the term like cos(k0x−ϕL/2) cos(k0z−ϕL/2)
in the Raman potentials [ [Fig. 12(b)]]. Such symmetry-
breaking term, negligible only when the Raman poten-
tial is weak compared with the square lattice depth, can
generically induce the coupling between the s-band and
higher band states. This effect is shown to be detrimental
and can reduce the topological region of the s-band [148]
[Fig. 12(d,f)]. Finally, the realization necessitates a rel-
atively large bias magnetic field to split the hyperfine
levels, so that the phase difference δϕL with required
magnitudes can be achieved. Such a strong bias mag-
netic field can bring up heating due to the uncontrollable
fluctuations.
To solve the challenges pointed above, a new opti-
cal Raman lattice scheme was proposed very recently
for the realization of high-dimensional SO couplings
with high controllability [149]. In the new realization,
the system has a rigorous relative reflection symme-
try/antisymmetry between lattice and Raman poten-
tials, rendering a precise inversion symmetry of the QAH
model [Fig. 12(a)]. This symmetry is irrespective of the
type of detuning of optical transitions, namely, the real-
ization is valid for both blue and red optical transitions,
and also for transitions between D1 and D2 lines which
render the optimal regime to realize SO couplings. In
particular, in the case with δϕ = pi/2 and M01 = M02 =
M0, the system exhibits a precise C4 symmetry defined
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(a) (b) 
(c) (d) 
(e) (f) 
FIG. 12: The new optical Raman lattice scheme for 2D Dirac
type SO coupling [149], and comparison to the previous re-
alization [89]. (a) The new scheme applies two independent
laser beams incident along x and y directions, through which
the lattice and Raman potentials are generated simultane-
ously. The complete setup is as simple as the generation of
the conventional square lattice for ultracold atoms, and the
system is of inversion and C4 symmetries. (b) The previous re-
alization adopts the laser beams long x and z directions which
are correlated by a long triangle loop formed though lattice
area, mirrors M1 and M2. This system does not have precise
inversion symmetry or C4 symmetry, which are approximately
valid only in the weak Raman coupling regime [89]. (c,e) With
the new scheme the broad topological regime is obtained in
the parameter space. (d,f) In the previous realization only a
finite relatively narrow area of the parameter space supports
topological phase [148].
in the 2D lattice plane: (x, y;σx, σy)→ (y,−x;σy,−σx),
giving C4HC
−1
4 = H. The precisely controllable sym-
metry, the phase diagram with topological region much
broader than that in the previous case without exact in-
version or C4 symmetry has been predicted [Fig. 12(c-f)].
The new scheme was realized in a latest experiment with
87Rb atoms, where all the key advantages of the new
scheme have been confirmed [150]. Especially, a long
lifetime up to several seconds is observed in the realized
2D SO coupled gas.
Moreover, the new optical Raman lattice scheme can
be extended to the realization of 2D Rashba type and
3D Weyl type SO couplings. Compared with the scheme
for the 2D Dirac type SO coupling which has been fo-
cused on in the above discussions, the The generation
of 2D Rashba and 3D Weyl types has an exquisite re-
quest that two sources of laser beams have distinct fre-
quencies of factor-two difference. Interestingly, it was
found that the 133Cs atoms provide an ideal candidate
for such realization [149]. The new nontrivial topologi-
cal physics were also predicted. The new optical Raman
lattice schemes solve the essential challenges in exploring
high-dimensional SO coupled quantum gases and shall
advance the research in this direction, particularly in
the quantum many-body physics and quantum far-from-
equilibrium dynamics with novel topology for ultracold
atoms.
V. TOPOLOGICAL SUPERFLUID AND
MAJORANA ZERO MODES
The realization of SO couplings beyond 1D regime for
ultracold atoms advances an important step to explore in
experiment the topological superfluid, which is a highly-
sought-after phase hosting the exotic Majorana modes,
as introduced in this section.
The discussion in this section is organized as fol-
low. First we introduce the basics of Majorana modes,
clarifying what kind of systems can host such modes.
Then we introduce the spinless 1D p-wave and 2D chi-
ral p + ip SCs, and discuss the emergence of the Majo-
rana modes in such intrinsic topological SCs. The real-
ization of topological SC/superfluid from a hybrid sys-
tem formed by SO coupled system with s-wave pairing
order is briefly discussed. After the introduction to the
background, we turn to showing a generic theory for the
2D chiral SCs/superfluids, with which the topology of
a 2D SC/superfluid, characterized by Chern numbers,
can be simply determined by Fermi surface (FS) prop-
erties and pairing symmetry. This theorem provides a
simple but generic criteria to identify the topology of
a 2D SC/superfluid phase, even the real system might
be complicated. The application of this generic theory
to various SO coupled systems is considered. Moreover,
we introduce a generic theory for the existence of non-
Abelian Majorana zero modes (MZMs), from which we
show that the MZMs can exist in 2D trivial SCs. The
results can be further generalized to 3D Weyl semimetal
with superconductivity/superfluidity.
A. Basics of Majorana zero modes
Eighty years ago, Ettore Majorana proposed a new
fermion which is a real solution to the Dirac equation,
and identical to its antiparticle and now called Majo-
rana fermion (MF) [151], and speculated that it might
interpret neutrinos. The self-hermitian property of the
Majorana particle indicates that the operator of a MF in
the real space satisfies
γ(~x) = γ†(~x). (75)
A direct consequence is that the Majorana field breaks
U(1) gauge symmetry and conserves no electric charge.
Alternatively, the expectation value of a MF is zero,
namely, it is charge neutral.
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While the evidence of MFs as elementary particles in
high energy physics is yet elusive, the search for MFs,
or MZMs, has energetically revived in condensed mat-
ter physics and become an exciting pursuit in recent
years [19–21]. The quest for Majorana modes in solid
state physics is mostly driven by both the exploration
of the fundamental physics and the promising applica-
tions of such modes, obeying non-Abelian statistics, to
a building block for fault-tolerant topological quantum
computer [23–30]. Note that in condensed matter mate-
rials the only elementary particle is the electron which
has an effective ‘antiparticle’ called hole in solid state
physics. A MF can then emerge as a quasiparticle in a
solid state material, e.g. such quasiparticle can be formed
as a superposition of electron and hole
γ = uc+ vc†, u = v∗. (76)
A natural hosting material for the Majorana-like quasi-
particles could be SCs (or superfluids), where the super-
conducting pairing couples the electron and hole, lead-
ing to the qusiparticles in SCs being superpositions of
electrons and holes. Nevertheless, for an s-wave SC, the
pairing occurs between spin-up and spin-down electrons
Hspair =
∑
k
∆sck,↑c−k,↓ + h.c., (77)
or equivalently, in the Nambu space it couples the spin-
up electron and spin-down hole in the form Hpair =∑
k ∆sd
†
k,↑ck,↓ + h.c., where the hole operator is defined
as dk,↑ = c
†
−k,↑. Thus the quasiparticle in the s-wave
SC in general renders the superposition form of the elec-
tron and hole bk = uck,↑ + vdk,↓ = uck,↑ + vc
†
−k,↓, which
is not a MF due to the distinction of the spin states of
the electron and hole. One can soon find that the Majo-
rana quasiparticle can be realized once the spin degree of
freedom can be effectively removed in the SC. For a (an
effective) spinless (or spin-polarized) fermion system, the
basic superconducting pairing order is p-wave and
Hppair =
∑
k
∆p(k)ckc−k + h.c., (78)
with the parity-odd pairing ∆p(k) = −∆p(−k). Similar
to the analysis for the s-wave SC, the quasiparticle in
this case takes the form γk = uck + vc
†
−k, which in real
space gives γ(~x) = u(~x)c(~x)+v(~x)c†(~x). The MF is then
resulted for u = v∗.
Due to the self-hermitian property, a single MZM has
no well defined Hilbert space spanned by usual complex
fermion quantum states. Instead, a complex fermion
mode, whose Hilbert space defines a single qubit and is
spanned by two fermionic quantum states |0〉 and |1〉, can
be formed by two independent Majorana quasiparticles.
This follows that the Hilbert space of two MFs equals to
that of a single complex fermion mode, namely, the quan-
tum dimension of a MF d2γ = 2, which leads to a highly
unusual consequence that a single Majorana mode has
an irrational quantum dimension [29]
dγ =
√
2. (79)
The non-integer quantum dimension leads to an ex-
otic property, namely, the non-Abelian statistics for the
MZMs, which is the essential motivation in the recent
years of extensive studies of topological SCs and in con-
densed matter physics and related topics in ultracold
atoms.
B. Intrinsic p-wave SCs
1. 1D spinless p-wave SC
The simplest toy model hosting Majorana modes is the
1D spinless p-wave SC, as proposed by Kitaev [152]. In
the topologically nontrivial phase, at each end of the 1D
system is located a Majorana zero bound mode. The
Hamiltonian of the model is given below
H = −µ
∑
j
c†jcj −
1
2
∑
j
(tc†jcj+1 + ∆e
φcjcj+1 + h.c.),
(80)
where µ is chemical potential, t is hopping coefficient, and
∆ is the p-wave pairing with a phase φ. Transforming
the above Hamiltonian into momentum space yields the
BogoliubovC de Gennes (BdG) form
H =
1
2
∑
k
C†kHkCk, (81)
Hk = (−t cos k − µ)τz − sin k(cosφτy − sinφτx),
where the operator Ck = [ck, c†−k]T in the Nambu space,
and the Pauli matrices τx,y,z act on the Nambu space.
It is convenient to rotate cosφτy − sinφτx → τy, so that
Hk = −(t cos k+µ)τz−sin kτy. The present Hamiltonian
is very similar to the case for the 1D AIII class topo-
logical insulator, as obtained in the 1D optical Raman
lattice. The topology of the present system can then be
studied in the similar way. First, the bulk of the present
1D superconductor is gapped when µ 6= ±t, and is gap-
less at µ = ±t, which corresponds to transition between
topological and trivial phases. Note the Hamiltonian Hk
has time-reversal symmetry (T ) and charge-conjugation
(particle-hole C) symmetry, defined by
T = K, C = τxK, (82)
with K the complex conjugate. It follows that symme-
tries transform TH(k)T−1 = H(−k) and CH(k)C−1 =
−H∗(−k). Thus the present system belongs to the so-
called BDI class, with the topology being classified by 1D
winding number. Similar to the 1D AIII class topological
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insulator, the 1D winding number is obtained straight-
forwardly by
N1D =
1
4pii
∫
dkTr
[
τxH−1(k)∂kH(k)
]
=
1
2pi
∫
dkhˆz∂khˆy, (83)
where (hˆy, hˆz) = (hy, hz)/h, with hy = − sin k, hz =
−t cos k − µ, and h = (h2y + h2z)1/2. It further gives that
N1D =
{
1, for |µ| < t,
0, for |µ| > t. (84)
The topological number has a simple intuitive picture
that the vector ~h = (hˆy, hˆz) winds 2pi over a circle when
k runs over the FBZ.
Similar to the insulating phase, the nontrivial topology
with |µ| < t can a boundary mode at each end of the 1D
system if considering open boundary condition. The only
difference is that here the boundary mode is a MF, rather
than a Dirac fermion mode. Let the open boundaries
locate at x = 0, N , respectively and diagonalizing H in
position space, we obtain the Majorana edge modes for
the boundaries x = 0, N as
γL(xj) =
1√N [(λ+)
xj/a − (λ−)xj/a]
[
c(xj)e
iφ/2
+c†(xj)e−iφ/2
]
, (85)
γR(xj) =
i√N [(λ+)
(L−xj)/a − (λ−)(L−xj)/a]
[
c(xj)e
iφ/2
−c†(xj)e−iφ/2
]
, (86)
with N being the normalization factor and λ± = (µ ±√
µ2 − t2 + |∆|2)/(t + |∆|). It is easy to verify that the
both MZMs satisfy the self-hermitian property: γL,R =
γ†L,R. Another important property of the MZMs is that
when the phase factor φ varies by 2pi, one gets γL,R →
−γL,R. say each MZM acquires only pi phase. This prop-
erty closely related to the fractional Josephson effect for
p-wave SCs and the non-Abelian statistics of MZMs [20].
2. 2D chiral p+ ip SC
Similar to the connection between the 1D p-wave SC
and the 1D AIII class insulator, the 2D p + ip SC is a
superconducting version of the quantum Hall effect [153].
The Hamiltonian of the 2D p + ip SC can be described
by
H =
∫
d2r
{
ψ†(r)
(− ~2
2m
∇2 − µ)ψ(r)
+
∆
2
[
eiφψ(∂x + i∂y)ψ + h.c.
]
, (87)
where ψ(r) denotes the spinless fermion field operator at
position r in the 2D space, m is the mass of the fermion,
and φ is the phase of the SC order ∆. Again, transform-
ing the Hamiltonian to k space we obtain
H =
1
2
∫
d2kΦ†kHkΦk, (88)
Hk = ξ(k)τz + kx∆(cosφτy − sinφτx)
−ky∆(cosφτx + sinφτy),
where Φk = [ψk, ψ
†
−k]
T and ξ(k) = ~
2k2
2m − µ. It is also
convenient to rotate cosφτy− sinφτx → τy and cosφτx+
sinφτy → τx, so that Hk = ξ(k)τz + kx∆τy − ky∆τx.
It is straightforward to know that for nonzero ∆, the
bulk of the SC is gapped when µ 6= 0. Accordingly,
the gap is closed at k = 0 when µ = 0, which implies
that the phase transition occurs, with the topology of
the two regions with µ > 0 and µ < 0 being different.
The regime of µ > 0 is called the ‘BCS’ type weakly
paired phase, while µ < 0 corresponds to the ‘BEC’ type
strongly paired phase [153].
It can be verified that the time-reversal symmetry
T = K is broken for the Hamiltonian, while the charge
conjugation symmetry C = τxK keeps. Thus the p + ip
SC belongs to the D class in the AZ ten-fold classifi-
cation. The topology of the present p + ip SC is then
characterized by Chern number, which can be calculated
in the same way as done for QAH effect
Ch1 = − 1
24pi2
∫
dωdkxdkyTr
[
GdG−1
]3
, (89)
where the Green’s function G−1(ω,q) = ω+ iδ+−H(k),
and the trace is operated on the Nambu space. Integrat-
ing over the frequency space yields that
Ch1 =
1
4pi
∫
dkxdkyhˆ · ∂kx hˆ× ∂ky hˆ, (90)
where hˆ = (hx, hy, hz)/|h(k)|, with hx = −ky∆, hy =
kx∆ and hz = ξ(k). By a straightforward calculation
one can find that
Ch1 =
{
+1, for µ > 0,
0, for µ < 0.
(91)
In the topologically nontrivial phase µ > 0, the 2D SC
supports chiral edge states in the boundary, which are
analogy to the chiral edge states obtained in the bound-
ary of the 2D quantum Hall effect. Nevertheless, in
the present p + ip SC, the edge states are Majorana
modes, while in quantum Hall effect they are chiral Dirac
fermions. Furthermore, when the SC order is attached
with a vortex with ∆ → ∆eiθ(r), where θ(r) is the az-
imuthal angle, a Majorana zero mode can be obtained in
the vortex core. It is also noteworthy that the Pfaffian
state of the ν = 5/2 fractional quantum Hall state can
be mapped to a p + ip SC ground state, hence hosting
the MZMs [154]. For more discussions about the MZMs
localized in SC vortices the readers can refer to the nice
review article by Alicea [20].
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C. Topological superconductor/superfluid from a
conventional s-wave pairing order
While the intrinsic p-wave SCs naturally host the Ma-
jorana modes in the boundary and vortex cores, the ma-
terials with such intrinsic superconducting pairings are
delicate and hard to synthesize. More recently, it has
been proposed that hybrid systems of s-wave SC and
SO coupled matters with odd number of FSs can fa-
vor effective p-wave pairing states, bringing the realiza-
tion of MZMs in realistic solid state experiments [19–
22, 79, 80, 155–160]. In such hybrid systems, the the
superconductivity is induced on the SO coupled mate-
rial by proximity effect. Due to the presence of SO cou-
pling, the parity-even (s-wave) and parity-odd (p-wave)
pairing orders generically mix in the helical (eigenstate)
bases at the interface. Under proper condition, e.g. by
applying an external Zeeman field which kills the s-wave
pairing while keeps the p-wave, the purely effective p-
wave SC and Majorana modes can be obtained (More
details for the topological superconductivity from prox-
imity effect will be introduced in the later section after
we present a generic theory for chiral topological super-
conductors). Motivated by these proposals, experimen-
tal studies have been performed to observe Majorana in-
duced zero bias conductance anomalies with different het-
erostructures formed by s-wave SCs and semiconductor
nanowires [31–34], magnetic chains [35–37], or topologi-
cal insulators [38–40]. Nevertheless, the current experi-
mental observations are not fully unambiguous, and the
rigorous proof of Majorana modes in experiment is yet
to be available.
Along with the exciting progresses made in the solid
state physics, the exploration of MFs with ultracold atom
systems has been also proposed and extensively stud-
ied, see e.g. [79, 80, 161–164]. The motivation is quite
straightforward. The s-wave superfluid phase can be
achieved in ultracold fermions by tuning the s-wave Fes-
hbach resonance, which is a mature technology in ultra-
cold atoms [165]. Together with the SO coupling syn-
thesised for the cold atom systems, the effective p-wave
superfluid from an s-wave Feshbach resonance can be ob-
tained. Nevertheless, for ultracold atoms the superfluid
should be realized intrinsically, rather than by proximity
effect. As such an intrinsic s-wave superfluid cannot be
achieved in 1D system, but at least for 2D or 3D systems.
As a result, to observe MZMs in a topological superfluid
from s-wave Feshbach resonance, to realize a 2D SO cou-
pling for Fermi gas is necessary [86].
D. Chiral topological superfluids/superconductors:
a generic theory
Instead of studying the topological superconductivity
realized with various different platforms through prox-
imity effect, we introduce in this subsection a generic
theorem to determine the topology of a generic 2D sys-
tem, as characterized by Chern numbers, after opening a
gap through having superfluid/superconductivity [166].
Then we shall investigate the application of this theorem
to various experimental systems. To simplify the descrip-
tion, we first classify the normal bands of the system
without pairing into three groups: 1) the upper bands
which are above the Fermi energy; 2) the lower bands
which are below the Fermi energy; 3) the middle bands
which are crossed by Fermi energy. In the most generic
case, each middle band may have multiple FSs (Fermi
loops), and we denote by (iM , j) the j-th FS loop of the
iM -th middle band. Let the total Chern number of the
upper (lower) normal bands be nU (nL). It can be shown
that the Chern number the superfluid pairing phase in-
duced in the system is given by [166]
Ch1 = nL − nU +
∑
iM
[
(−1)qiM n(iM )F −
1
2pi
∑
j
(−1)qiM ,j
∮
∂ ~SiM ,j
∇kθ(iM ,j)k · dk
]
.(92)
Here n
(iM )
F is the Chern number of the iM -th middle
band and θ
(iM ,j)
k = arg[∆
(iM ,j)
k ] is the phase of the pair-
ing order projected onto the (iM , j)-th FS loop. Note
that the pairing can occur between two different Fermi
surfaces, say between (iM , j) and (i
′
M , j
′). In this case
the Eq. (92) is still valid, but the integral will be per-
formed on both Fermi surfaces at the same time. More
details can be found in Ref. [166]. The integral direc-
tion is specified by arrows along FS lines in Fig. 13 (a,b),
which defines the boundary ∂ ~SiM ,j of the vector area
~SiM ,j in k space. The quantities {qim,j , qiM } = {0, 1}
are then determined by “right-hand rule” specified be-
low. The quantity qiM ,j = 0 (or 1) if the energy of nor-
mal states within the area ~SiM ,j is positive (or negative),
while qiM = 1 (or 0) if the region
~SiM ,out, which is com-
plementary to the sum of ~SiM ,j , have positive (or nega-
tive) energy. Some typical examples are shown in Fig. 13.
With this theorem the Chern number of the superfluid
phase can be simply determined once we know the prop-
erties of lower and upper bands, and the normal states
at the Fermi energy, which govern the phases of ∆
(iM ,j)
k .
We introduce the proof of the above theorem for a
multiband system. However, to facilitate the discussion,
here we focus on the case with a single FS. The gener-
alization to the multiple FSs will be assessed, with the
detailed generic proof can be found in Ref. [166] (while
some typos are corrected here). We write down the BdG
Hamiltonian for a generic multi-band system by
HBdG(k) =
(H(k)− µ ∆(k)
∆†(k) −HT (−k) + µ
)
, (93)
where H(k) is the normal Hamiltonian, ∆(k) is the pair-
ing order matrix, with
∆
(j1,j2)
k = 〈u(j1)k |∆(k)|u(j2)∗−k 〉
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FIG. 13: (a)-(b) Configurations of FSs of normal bands [166].
The solid lines with arrows denote FSs, which are boundaries
of the vector areas ~SiM ,j in k space. The blue and green
colors denote the closed FSs, and the red color denotes open
FSs. From the definition for the formula (107), we have for
(a) that qiM ,1 = qiM ,2 = qiM = 1, and for (b) that qiM =
qiM ,1 = qiM ,2 = 0, while qiM ,3 = 1.
for the two normal bands j1 and j2, and k is the local
momentum measured from FS center. Note that if FS
is not symmetric with respect to its center, one can con-
tinuously deform it to be symmetric without closing the
gap. In this process the topology of the system is not
changed. Finally we can always write down HBdG in the
above form to study the topology. Denote by u
(iM )
k the
eigenvector of the normal band crossing Fermi energy and
H(k)u(iM )k = (iM )k u(iM )k , (94)
where 
(iM )
k denotes the normal dispersion relation. Fo-
cusing on the pairing on FS, the eiegenstates of HBdG
takes the generic form
|u(k)〉 = [..., α(iM )k u(iM )k ;β(iM )k u(iM )∗−k , ...]T , (95)
where ‘...’ denotes the components from the subbands
other than iM -th one. The eigenstate is associated with
a Berry’s connection calculated by
Ak = i~〈u(k)|∇k|u(k)〉. (96)
The key process is that we consider the weak pair-
ing potential limit with ∆(k) → γ∆(k) with γ → 0+
(without closing bulk gap), in which case we can expect
that the contribution from superconducting pairing to
the Berry connection is fully dominated by the states
right at FS. We shall then extract the A(iM )k component
our of Ak, namely, the Berry connection corresponding
to the middle iM -th band, given by
A(iM )k = i[α(iM )(k)u(iM )k ]†∇k
[
α(iM )(k)u
(iM )
k
]
+
i[β(iM )(k)u
(iM )∗
−k ]
†∇k
[
β(iM )(k)u
(iM )∗
−k
]
.(97)
From the generic BdG equation we can obtain the coef-
ficients in the weak pairing order regime by
α(iM ) =
¯
(iM )
k − µ−
[∣∣γ∆(iM )k ∣∣2+( (iM )k +(iM )−k2 − µ)2]1/2
N (iM )(k)
,
β(iM ) =
γ∆
(iM )∗
k
N (iM )(k)
,
N (iM ) =
√∣∣α(iM )(k)∣∣2 + ∣∣∣β(iM )± (k)∣∣∣2,
where ¯
(iM )
k = (
(iM )
k + 
(iM )
−k )/2 and ∆
(iM )
k = ∆
(iM ,iM )
k .
The Chern number of the superfluid is then obtained by
Ch1 = nL − nU + (2pi)−1
∮
∇k ×A(iM )k d2k. (98)
By a straightforward calculation we obtain the Berry cur-
vature associated with A(iM )k in the weak pairing order
limit by
B(iM )k =
[
(2Θ~S − 1)B˜(iM )k + 2∇kΘ~S × A˜(iM )k
]
− ∇k ×
Θ~S=
[
∆
(iM )
k ∗ ∇k∆(iM )k
]∣∣∆(iM )k ∣∣2 . (99)
Here Θ~S denotes the step function that is 1 for the area
where the normal states have positive energies, and 0 for
the area where the normal states have negative energies,
representing a step change when crossing the FS. Let
θ
(iM )
k = arg
[〈u(iM )k |∆(k)|u(iM )∗−k 〉] be the phase of order
parameter on FS. With the above results we get further
the Chern number of the superfluid phase by
Ch1 = nL − nU + (−1)qiM
[
n
(iM )
F +
1
pi
(∮
∂~SiM
A˜(iM )k · dk
−
∫
~SiM
∇k × A˜(iM )k d2k −
1
2
∮
∂ ~SiM
∇kθ(iM )k · dk
)]
(100)
with A˜(iM )k = i[u(iM )k ]†∇ku(iM )k being the Berry connec-
tion for the normal band states. If we choose a gauge so
that A˜(iM )k is smooth on ~SiM , the two terms regarding
A˜(iM )k in the right hand side of Eq. (100) cancels. We
then reach the formula (92) for the case with a single FS.
The proof can be generalized to the case with generic
multiple FSs which may be closed or open [Fig. 13(b)],
with multiple bands crossed by Fermi energy, and with
the pairing within each FS or between two different FSs,
given that the pairing fully gaps out the bulk [166]. Actu-
ally, for the case with multiple FSs, if the pairing occurs
within each FS, which renders the Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) or pair density wave (PDW) type
orders [167, 168], the totoal Chern number is simply a
summation of the contribution from all FSs. On the other
hand, if the pairing occurs between two different FSs, the
integration in the formula (92) is performed on both FSs
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FIG. 14: Surface states of the 3D topological insulator, with
spin-momentum locking being shown at the Fermi surface.
The phase winding of the pairing order projected onto the
Fermi surface gives +1.
simultaneously. The generic theorem introduced here is
not restricted by pairing types, is powerful to quantita-
tively determine the topology of the superfluid phases,
and can be particularly useful for condensed matter ma-
terials when the system is complicated. We also note
that this theorem is best applied to judge the topology
of phases with relatively weak pairing orders. This is be-
cause a strong pairing order may fully deform FSs of the
original system and then change Chern number governed
by Eq. (92), driving a topological phase transition [166].
However, monitoring such phase transitions with increas-
ing pairing orders can determine the whole topological
phase diagram.
E. Applications to topological superfluids
(superconductors) for SO coupled systems
In this subsection we introduce the applications of
the generic theorem given in formula (92) to vari-
ous types of SO coupled systems with s-wave super-
fluid/supercontuctor pairing.
1. TI & s-wave SC
We first consider the 2D hybrid system formed by TI
surface states and an s-wave SC (or superfluid) [155].
The TI surface states are described by (2+1)d Dirac
Hamiltonian. Together with the s-wave pairing order in-
duced by the substrate SC through proximity effect, the
effective Hamiltonian can be written down as
H = HTI−surf +Hspair, (101)
HTI−surface =
∫
d2kc†k,s
[
vF (kxσy − kyσx)− µ
]
ss′ck,s′ ,
Hspair =
∫
d2k∆sck,↑c−k,↓ + h.c.,
where vF is the Fermi velocity of the surface
states. The normal states of the surface Hamil-
tonian H0(k) = vF (kxσy − kyσx) read |u+(k)〉 =
[1, eiϕ(k)]/
√
2 and |u−(k)〉 = [−e−iϕ(k), 1]/
√
2, with
ϕ(k) = tan−1(−kx/ky), and the energy ± = ±vF (k2x +
k2y)
1/2. If the Fermi energy is located at the upper band
(Fig. 14), the projected pairing on the FS is given by
∆+(k) = ∆s〈u+(k)|T |u+(−k)〉
=
∆s
2
[− e−iϕ(−k) + e−iϕ(k)]
= ∆se
−iϕ(k). (102)
We can apply the formula (92) to obtain the Chern
number of the gapped superconducting phase. Note that
here we only have a single band crossing the Fermi energy
(i.e. one middle band). We have that nU = nL = 0, and
nF = 0. For the Fermi energy located above the Dirac
point, we have all the factors qiM = qiM ,j = 1. Thus the
Chern number
Ch1 = − 1
2pi
∮
∂ ~SiM ,j
∇kϕk · dk
= −1. (103)
It is easy to confirm that when the Fermi energy is located
below the Dirac point, the Chern number is again Ch1 =
−1, so the phase is the same.
2. Rashba SO system & s-wave SC & Zeeman splitting
Now we consider the 2D hybrid system formed by 2D
Rashba SO coupled system with an external Zeeman field
and the s-wave SC [80, 83]. The effective Hamiltonian
can be written down as
H = H0 +H
s
pair, (104)
H0 =
∫
d2kc†k,s
[~2k2
2m
− µ+ λR(kxσy − kyσx)
+Vzσz
]
ss′ck,s′ ,
Hspair =
∫
d2k∆sck,↑c−k,↓ + h.c.,
where Vz is the external Zeeman field along the
z direction, and λR is the Rashba SO coeffi-
cient. The normal states of the surface Hamil-
tonian H0 = ~2k22m − µ + λR(kxσy − kyσx) +
Vzσz read |u+(k)〉 = [cos(θ/2), sin(θ/2)eiϕ(k)] and
|u−(k)〉 = [− sin(θ/2)e−iϕ(k), cos(θ/2)], with ϕ(k) =
tan−1(−kx/ky) and θ = tan−1(λRk/Vz), and the energy
± = ~
2k2
2m − µ± λR(k2x + k2y)1/2. Assume that the Fermi
energy is located at the lower band. The projected pair-
ing on the FS is given by
∆−(k) = ∆s〈u−(k)|T |u−(−k)〉
= ∆s sin(θ/2) cos(θ/2)
[− eiϕ(k) + eiϕ(−k)]
= −∆s sin(θ/2) cos(θ/2)eiϕ(k). (105)
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We can also apply the formula (92) to obtain the Chern
number of the gapped superconducting phase with differ-
ent parameter conditions by considering the weak pair-
ing order regime. First we take that the Fermi energy
is located inside the Zeeman gap opened at k = 0, so
that there is only one middle band [Fig. 15 (a)]. For the
Rashba system we have that nU = nL = 0, and nF = 0.
For the present Fermi energy configuration, we have all
the factors qiM = qiM ,j = 1. Thus the Chern number
Ch1 = − 1
2pi
∮
∂ ~SiM ,j
∇kϕk · dk
= +1. (106)
On the other hand, if the Fermi energy crosses two FSs,
as in the configuration shown in Fig. 15 (b), we have for
the two FSs that have that nU = nL = 0, and nF = 0,
while qiM = qiM ,1 = 1 and qiM ,2 = 0. Then the Chern
number reads
Ch1 =
1
2pi
∮
∂ ~SiM ,2
∇kϕk · dk− 1
2pi
∮
∂ ~SiM ,1
∇kϕk · dk
= 1− 1 = 0. (107)
Thus the cases in Fig. 15 (a) and Fig. 15 (b) correspond
to two different basic phases, with one being topologi-
cally nontrivial and one trivial (similarly, if the Fermi
energy is located above the Zeeman gap, the phase is
also trivial). The quantitative transition between the two
different phase occurs when the gap is closed. This can
be obtained by examining the bulk gap, giving the crit-
ical point equation by V 2z = µ
2 + ∆2s. The topologically
nontrivial regime corresponds to V 2z > µ
2 + ∆2s.
3. PDW state for a Dirac metal
We consider the effective tight-binding Hamiltonian
HTB on a square lattice proposed in Ref. [166]
HTB =
∑
k
(
c†k↑, c
†
k↓
)
HTB
(
ck↑
ck↓
)
;
HTB = (mz − 2tx cos kx − 2tz cos kz)σz
+ 2tso sin kzσy + txI sin kxσ0 +mxσx, (108)
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FIG. 15: Sketch of the normal bands for a Rashba SO cou-
pled system. (a) The Fermi energy locates within the Zeeman
gap. (b) The Fermi energy locates below the Zeeman gap and
crosses the lower subband at four Fermi points, leading to two
Fermi surfaces: (1) the outer one and (2) the inner one.
FIG. 16: Sketch for band structure and realization of a 2D
SO coupled Dirac metal [166]. (a) Schematic diagram of the
band structure, with the inversion symmetry broken (process
I) and gap opening at Dirac points (II) for a 2D SO coupled
Dirac semimetal. (b) Proposed experimental setting for real-
ization. The standing wave lights formed by E1x,1z generate
a blue-detuned square lattice. The incident polarization of
E1z is eˆ⊥ = αeˆx + iβeˆy, and the λ/4-wave plate changes the
polarization of the reflected field to eˆ′⊥ = αeˆx − iβeˆy. The
Raman coupling, illustrated in (c) for 40K fermions, is gen-
erated by E1z and an additional running light E2 which has
tile angle θ with respect to x-z plane.
where s =↑, ↓, tx/z is the hoping constant along x/z di-
rection, tso is the strength of spin-flip hopping, and mz,x
denote the effective Zeeman couplings. As described
in Fig. 16(a), the above Hamiltonian describes a Dirac
semimetal ifmx = 0 and |mz| < 2(tx+tz), with two Dirac
points at Λ± =
(± cos−1[(mz − 2tx)/2tz], 0). The term
txI sin kxσ0 breaks the inversion symmetry and leads to
an energy difference between the two Dirac points. Fi-
nally, a nonzero mx opens a local gap at the two Dirac
points. For simplicity we take that tz = t0, tx = t0 cos θ0
and txI = 2t0 sin θ0 to facilitate the further discussion.
The realization with a new optical Raman lattice is
sketched in Fig. 16(b,c), where only a single Raman cou-
pling is applied in the scheme. The details of the real-
ization are neglected here, but the readers can refer to
Ref. [166]. Note that here the 2D Dirac metal is driven by
SO interaction, and is distinct from graphene, of which
the Dirac points are protected by symmetry only if SO
coupling is absent [169].
The superfluid phase can be induced by considering an
attractive Hubbard interaction. The total Hamiltonian
H = HTB − U
∑
i
ni↑ni↓. (109)
Due to the existence of multiple FSs corresponding to
different Dirac cones, in general we can have intra-cone
pairing (FFLO) and inter-cone (BCS) pairing orders, de-
fined by ∆2q = (U/N)
∑
k〈c†q+k↑cq−k↓〉, with q = ±Q or
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0. Note that for the present Dirac system, a BCS pairing
cannot fully gap out the bulk but leads to nodal phases,
while the FFLO or FF order can [166]. On the other
hand, since the inversion symmetry is broken, the BCS
pairing would be typically suppressed. From the mean
field results of a uniform system shown in Fig. 17 (a,b),
we find that the BCS pairing nearly vanishes, and ∆−2Q
dominates over ∆2Q, with ±Q ≈ Λ± for positive µ. The
topology of the superfluid phase can be characterized by
the Chern number.
The topology of the superfluid PDW phase can be de-
termined with the theorem presented in formula (92).
When there is only one FS, the system with an FF or-
der is topological since nL = nU = n
(iM )
F = 0 and∫
∂~S(iM )
∇θ(iM )k · dk = ±2pi, giving the Chern number
Ch1 =
1
2pi
∫
∂~S(iM )
∇θ(iM )k · dk ∓ 1 (110)
for the Fermi energy crossing the left and right Dirac
cones, respectively. In contrast, when there are two FSs
(at both Dirac cones), from the same or different bands,
one can readily find that the contributions from both FSs
cancels out and the Chern number Ch1 = 0, rendering a
trivial phase. This result implies that the system can be
topological when it is in an FF phase.
A rich phase diagram is given in Fig. 17 (c,d), where
the topological and trivial FF phases with one of ∆±2Q
being nonzero, and FFLO phase with both ∆±2Q being
nonzero, are obtained. The gapless phase with nonzero
∆±2Q may be obtained due to imperfectly nesting Fermi
surfaces. It is particularly interesting that in Fig. 17 (d)
a broad topological region is predicted when mz is away
frommz = 2tz. The broad topological region implies that
the upper critical value ∆
(c)
2q , characterizing the transi-
tion from topological FF state to other phases, is largely
enhanced compared with the case for mz = 2tz. This is
a novel effect due to the following mechanism. Note that
the pairing ∆−2Q also couples the particle-hole states at
Q˜ = (pi − Q, 0). Increasing ∆−2Q to ∆(c)−2Q closes the
bulk gap at Q˜ momentum, with the critical value being
solved from BdG Hamiltonian as
∆
(c)
−2Q =
√√√√m2x +m2p −
(
txI
tx
√
t2x −
m2p
16
− µ
)2
, (111)
where mp = 2(mz−2tz). For mz = 2tz, we have Q = pi/2
and a small critical value ∆
(c)
−2Q . mx. This is because
the gap closes at the right hand Dirac point Q˜ = (pi/2, 0),
where the original bulk gap less than 2mx before having
superfluid pairing [Fig. 17(e)]. Importantly, for mz =
3tz, we find that ∆
(c)
−2Q ∼ 2tz, which is of the order of
band width. In this regime Q˜ is away from the right
hand Dirac point, and corresponds to a large bulk gap
before adding ∆−2Q [Fig. 17(f)]. As a result, a large
∆−2Q is necessary to drive the phase transition, giving a
broad topological region, as shown in Fig. 17 (d). Note
that an equivalent picture for the phase transition is that
increasing the order ∆−2Q deforms the band structure,
which pushes one band (another band) at Q˜ = (pi −
Q, 0) toward (away from) the Fermi energy. When ∆−2Q
reaches the critical value, the band is pushed across the
Fermi energy, leading to an additional contribution from
Fermi surface to the Chern number given in Eq. (92), and
the phase transition occurs.
0. 0.5 1.
5.
6.
0. 0.5 1.
6
8
10
12
FIG. 17: (a)-(b) The superfluid order by self-consistent theory
and phase diagram [166]. The superfluid order ∆−2Q domi-
nates over others for µ > 0. (c) Phase diagram with normal-
size topological region when tx = tso = tz, txI = 0.7tz,mz =
2tz,mx = 0.3tz. (d) Phase diagram with broad topological
region. The values of the parameters in diagrams (a,b,d) are
mz = 2.92tz, tx = 0.92tz, tso = tz, txI = 0.8tz,mx = 0.3tz.
Schematic diagrams showing the underlying mechanism for
the normal-size (c) and broad (d) topological regions.
Further discussions.–The generic theorem given
Eq. (92) is powerful to determine the topology of the
2D SC/superfluid characterized by Chern numbers. The
application can be go much beyond the examples intro-
duced above, which are relatively simple. For example,
the topological superfluid phase based on SO coupled
QAH model as discussed in Section IV.B exhibit rich
phase diagram with different Chern numbers [86]. To de-
termine the full topological phase diagram through the
conventional computation of the Chern numbers is some
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tedious, while using our present generic formula (92) can
reach all the results with a quick check. We are not going
to expand the discussion on the details, but the readers
may check by themselves.
F. Non-Abelian Majorana modes in trivial
superfluids
So far we have focused on the topological supercon-
ductors which host Majorana modes in the vortex cores
or boundary. Note that MZMs in SCs (e.g. bound at
vortices) are topological defect modes, which correspond
to nonlocal extrinsic deformations in the Hamiltonian of
the topological system. For example, MZMs in the chi-
ral px + ipy SC harbor at vortices which exhibit nonlocal
phase windings of the SC order (a global deformation
in the original uniform Hamiltonian). This feature tells
that the MZMs at vortices are not intrinsic topological
excitations, but extrinsic modes of a SC. In this regard,
one may conjecture that the existence of MZMs is not
uniquely corresponding to the bulk topology of a SC,
and there might be much broader range of experimental
systems which can host such exotic modes, besides those
based on topologically nontrivial SCs. This conjecture
was confirmed in a generic theorem shown in the recent
work [170].
1. Chern-Simons invariant: a generic theorem
Here we introduce the generic as shown in Ref. [170]
that the existence of MZMs localized in the vortex cores
does not rely on the bulk topology of a 2D SC. For a
generic 2D normal system with N FSs and gapped out
by SC pairings, one can show that the existence of MZMs
at the SC vortices is characterized by an emergent Z2
Chern-Simons invariant ν3:
ν3 =
N∑
i
niwi mod 2, (112)
wi ≡ 1
2pi
∮
FSi
∇k arg ∆Qi(k) · dk,
where ∆Qi(k) is the SC order projected onto the i-th
FS and is generically momentum dependent, wi counts
the phase winding of ∆Qi(k) in the k-space around the
i-th FS loop, and ni denotes the integer vortex wind-
ing number (vorticity) attached to ∆Qi → ∆Qieiniθ(r),
namely the winding in the real space. At least a single
MZM is protected when the index ν3 = 1 if there is no
symmetry protection, even the bulk topology of the SC,
characterized by Chern number, can be trivial.
Proof.–We introduce the proof of the generic theorem
given in Eq. (112) for the Chern-Simons invariant, which
governs the existence of the MZM in a 2D SC. The essen-
tial idea for the present proof is similar to that done in
proving the generic formula of Chern number for chiral
SC, as discussed in the previous section. For a system
with multiple normal bands and FSs, the superconduct-
ing pairings may occur within each FS (intra-FS pairings)
and between different FSs (inter-FS pairings). The the-
orem (112) is not affected by inter-FS pairings. Thus for
convenience, we consider first the generic SC Hamilto-
nian with only intra-FS pairings, given by
H =
∑
k
C†kHˆ0Ck +
∑
i,α,β,k
c†Qi/2+k,α∆ˆ
αβ
Qi
c†Qi/2−k,β + h.c.,
(113)
where Ck = (ck,α, ck,β , · · · , ck,γ , · · · )T, with α incor-
porating the orbital and spin indices, the normal band
Hamiltonian Hˆ0(k) is considered to have N FSs, and the
pairing matrix element ∆ˆαβQi ∝
∑
k〈cQi/2+k,αcQi/2−k,β〉
regarding the i-th FS has a central-of-mass momentum
Qi. Here for convenience we take that each FS is circu-
lar and centered at a momentum Qi/2. Similar to the
proof of Chern number for chiral topological superfluids,
as introduced in previous section, one can always contin-
uously deform the FSs to be circular without changing
topology of the system, as long as the bulk gap keeps
open during the deformation. In general the SC order
exhibits spatial modulation in the real space, rendering
the PDW or FFLO state [167, 168], and bears the form
∆ˆ(r) =
∑
i ∆ˆQie
iQi·r. Note that each PDW component
∆ˆQi possesses a U(1) symmetry, implying that each of
them can be attached with a vortex of winding number
ni independently, giving ∆ˆ(r) =
∑
i ∆ˆQie
−iniθ(r)+iQi·r,
with θ(r) being the vortex phase profile.
The Chern-Simons invariant ν3 is defined in 3D space,
for which one parameterizes the Bogoliubov de Gennes
(BdG) Hamiltonian by taking the phase φ ∈ [0, 2pi) of
the SC order ∆ˆQie
−iniφ as a synthetic dimension of ring
geometry S1. Together with the 2D physical space, the
bulk BdG Hamiltonian can then be written down in a
synthetic 3D torus T 3 = T 2 × S1 spanned by (k, φ). In
the synethetic 3D space, the Z2 Chern-Simons invari-
ant [171–173] is computed by
ν3 = − 1
4pi2
∫
T 2×S1
Q3 mod 2 (114)
Q3 = Tr
[
AdA− 2i
3
A3
]
,
where the elements of one-form Berry connection are
given by Aλλ′(k, φ) = i〈ψλ|dψλ′〉, with |ψλ〉 denoting
the corresponding eigenvector of the BdG Hamiltonian,
and the trace is performed on the filled bands.
A direct computation of the index ν3 for the generic
case is not realistic. To simplify the study we again take
the advantage that the topology of the system is un-
changed under any kind of continuous deformation with-
out closing bulk gap. For this we further adiabatically
deform the Hamiltonian H to a new form
H ′ ≡ H[∆ˆQi → ∆ˆQiΩQi(k)], (115)
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where ΩQi(k) is a positive real smooth truncation func-
tion with ΩQi(
~Si) = 1 inside the orientable vector area
~Si enclosed by the i-th FS loop centered at Qi/2, and de-
cays to zero at a short distance beyond this area. Since
the system remains fully gapped for the continuous de-
formation, the invariant ν3 can be evaluated over H
′.
Denoting by ~Fi the vector area with ΩQi(k) 6= 0, The in-
variant given in Eq. (114) can be reduced to the integral
over the disjoint union
⊔
i
~Fi×S1, as shown in Ref. [170],
which facilitates the further study.
While in general the Hamiltonian Hˆ0 incorporates mul-
tiple normal bands, one can consider the weak SC pair-
ing regime, in which case only the states around each FS
will be effectively paired up. The coupling between states
from different FSs and that from different bands can be
ignored due to the energy detuning. In this way, the BdG
H ′ further reduces to an effective one-band form in the
eigen-basis uk of Hˆ0. In particular, for the momentum
k ∈ ~Fi around a specific FS centered at momentum Qi/2,
the effective BdG Hamiltonian takes the form
hi(k, φ) =
[
Qi/2+k ∆Qi(k)ΩQie
−iniφ
∆∗Qi(k)ΩQie
iniφ −Qi/2−k
]
(116)
where ∆Qi(k) ≡ 〈uk|∆ˆQi |u∗−k〉 is the pairing term pro-
jected onto the i-th FS. Note that ∆Qi(k) has captured
the original band topology. The eigenstates of hQi take
the form |ψk±〉 = (αk±uk, βk±u∗−k)T (refer to also the
proof of Chern number for chiral topological superfluid
in the previous section). Then ν3 can be decomposed
into ν3 =
∑
i ν
(i)
3 (‘mod 2’ temporarily omitted), and
ν
(i)
3 = −
1
4pi2
∫
~Fi×S1
[Aφ∇k ×Ak +Ak ×∇kAφ]dφd2k
for each ~Fi, where Aφ = i〈ψk−|∂φ|ψk−〉, and Ak ≡
(Akx ,Aky ) = i〈ψk−|∇k|ψk−〉, with ∇k ≡ (∂kx , ∂ky ).
The above result can be further simplified by taking the
weak pairing order limit ∆Qi → 0+, in which case the
gap becomes infinitesimal at the FSs, and the contribu-
tion to ν3 will completely come from the FS states. It
can be derived directly on ~Fi that Aφ = −niΘ~Si and
Ak = (1 − 2Θ~Si)A0,k + Θ~Si(∇k arg ∆Qi + Aid), where
Θ~Si is a step function equal to 1 within
~Si and 0 other-
wise, A0,k ≡ iu†k∇kuk represents the Berry connection
for the normal band, and Aid is the defect gauge field
as a consequence of the multivalueness of arg ∆Qi [174].
Substituting these results into the formula of ν3 yields
ν3 =
∑
i
ni
2pi
∫
~Fi
Θ~Si∇k × (∇k arg ∆Qi + Aid) · d2k.
(117)
The above result is exactly the one given in Eq. (112)
by observing that the curl of gradient of SC phase van-
ishes, while the contribution from the defect gauge field
Aid renders the phase winding of SC order in the mo-
mentum space around FS loop [170]. This completes the
proof. The theorem is still valid if the system has inter-
FS pairings and connected FSs [170]. Particularly, in the
one band case, the Z2 Chern Simons invariant readily
reduces to the Hopf invariant.
The above result shows that the existence of MZMs
at vortex cores is essentially protected not by the bulk
topology of the 2D SC, but by an emerging Chern-Simons
invariants ν3, implying that a non-Abelian MZM can ex-
ist in a trivial SC. A famous example can be obtained
from a Rashba SO coupled semiconductor with Zeeman
splitting and in the presence of an s-wave superconduc-
tivity [80, 156], as introduced in the previous section. To
obtain a chiral topological SC the chemical potential has
to lie within the Zeeman gap and cross the bulk band for
once. According to the above theorem, even the chem-
ical potential is above the Zeeman gap and crosses two
FSs, MZMs can in principle be generated if the SC orders
in the two FSs are independent and only one of them is
attached with vortex.
2. Majorana zero modes in 2D trivial superfluids
2D Dirac metal.–The theorem in (112) suggests that
MZMs can exist in broader range of physical systems.
Now we introduce a minimal scheme, which can be
readily achieved based on the optical Raman lattice
scheme [89, 166], for the realization of MZMs. The total
Hamiltonian takes the form
H = H0 +HU , (118)
H0 =
∑
k
(c†k,↑, c
†
k,↓)H0
(
ck,↑
ck,↓
)
H0 = (mz − 2tx cos kx − 2ty cos ky)σz
+2tso sin kxσx − µ,
HU = −U
∑
i
ni↑ni↓,
where the Hubbard interaction is attractive U > 0. As is
known that the Hamiltonian H0 describes a topological
Dirac semimetal for |mz| < 2(tx + ty), with two Dirac
points at Q± = (0,± cos−1((mz − 2ty)/2tx)) and pos-
sesses non-trivial spin texture on the FSs (Fig. 18). The
difference of the present case from the one in Eq. (108)
is that here no inversion symmetry is broken and no gap
opening at the Dirac points.
Self-consistent phase diagram.–The superfluid (SC)
states can be studied with the above model. Having
multiple FSs around various Dirac cones, generically
one shall consider both the inter-cone (BCS) and the
intra-cone (PDW) pairing orders, described by ∆q =
(U/N)
∑
k〈cq/2+k,↑cq/2−k,↓〉, with q = 2Q± or 0 and
N is total number of lattice sites. Generally, the order
parameter in real space takes the form
∆(r) = ∆0 + ∆2Q+e
2iQ+·r + ∆2Q−e
2iQ−·r (119)
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FIG. 18: An example of 2D SO coupled semimetal [170].
(a) The band structure of 2D topological Dirac metal with
two Dirac points located at Q±, the gray thick loops around
two Dirac points represent the Fermi surfaces, and the color
represents the average value of the spin component 〈sz〉. (b)
Schematic of the spin orientations, shown by blue arrows,
at the Fermi surfaces around the Dirac points. Parameters:
tx,y = tso = mz = 1, µ = 0.8, and the corresponding Dirac
node momenta Q+ = −Q− = (0, 2pi/3).
and the BCS and PDW orders may compete with each
other. The intra-cone PDW order can fully gap the bulk
while reducing the translation symmetry. On the other
hand, owing to the different spin-momentum lock at the
FSs of the two Dirac cones [Fig. 18 (b)], the inter-cone
BCS pairing cannot fully gap out the bulk spectrum, and
leaves four nodal points. These nodal points can be fur-
ther gapped by charge density wave (CDW) orders
ρq,σ = (U/N)
∑
k
〈c†k−q/2,σck+q/2,σ〉. (120)
The BCS, PDW, and CDW orders may compete to dom-
inate in different parameter regimes, and can be solved
self-consistently.
The phase diagram are obtained by self-consistent cal-
culation with proper parameters so that the Dirac points
are located at Q± = (0,±2pi/3), as shown in Fig. 19.
The phase diagram is dominated by PDW order with
|∆2Q± | 6= 0, which appears only for finite U . With in-
creasing chemical potential, the Dirac cone becomes less
isotropic (Fig. 18) and the FSs are less well-nested. As a
consequence, a narrow gapless region with nonzero PDW
orders |∆2Q± | 6= 0 is obtained for µ > 0.05 [Fig. 19(a)],
while the spectrum becomes fully gapped when |∆2Q± |
increases exceeding some finite value. In the fully gapped
region at larger U , one can readily check that the Chern
number vanishes Ch1 = 0 from the generic result shown
in formula (92), and the bulk is trivial for the present
(class D) superfluid [166]. In the PDW′ phase at large
U , BCS and CDW orders of small magnitude also appear
and accompany the PDW. They can be regarded as small
perturbations to the PDW phase and hence the PDW′
phase is topologically equivalent to the PDW phase.
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FIG. 19: Self-consistent result for the order parameters [170].
(a) Mean field phase diagram of the Dirac-Hubbard Hamil-
tonian versus attractive Hubbard interaction U and chemical
potential µ. In the “Dirac metal” phase, all ∆q = 0; in
the narrow “Gapless” region, ∆2Q± are finite but not strong
enough to fully gap the system. In the “PDW” phase, the
system is fully gapped by finite PDW. In the “PDW′” phase
at large U , BCS and CDW orders of small magnitude also ap-
pear and accompany the PDW. (b) Magnitude of PDW order
∆2Q± . The parameters are the same as those in Fig. 18.
MZMs for the trivial superfluid.–Despite the topologi-
cally trivial superconducting state here, the system can
host non-trivial MZM bound to vortices and protected by
the Chern-Simons invariant shown in the present work.
In general, the vortices proliferated to the PDW order
read
∆(r) = ∆2Q+e
2iQ+·r+in+θ(r) + ∆2Q−e
2iQ−·r+in−θ(r)
= 2∆2Q±e
i(n++n−)θ(r)/2 cos
[
2Q+ · r +
+(n+ − n−)θ(r)/2
]
. (121)
The minimal allowed defect corresponds to a half-vortex,
given by n+ + n− = ±1, while a full vortex is given
by n+ + n− = ±2 [175, 176]. In particular, in Fig. 20
(a,c) we consider the half vortex regime with two unit
vortices of opposite vorticities ±2pi (i.e. n+ = ±1)
attached only to ∆2Q+ and located with a finite dis-
tance between each other in the real space. The real
space BdG Hamiltonian with vortices is then numeri-
cally solved and the two lowest energy modes with finite-
size energies E = ±1.039 × 10−4 are obtained [Fig.
20(c)]. Spatial wave function density
∑
s=↑,↓ |ψs(r)|2 for
one of the solutions (the other is the same) is plotted
in Fig. 20(a), showing that it is in the zero angular-
momentum channel and well-localized at vortex cores,
thus being a MZM. The robustness of MZMs against im-
purities can be shown straightforwardly [170]. The phys-
ical origin of the exsistence of MZMs can be viewed as
a direct consequence of bulk-boundary correspondence, as
illustrated in Fig. 20(b). Consider the region far away
enough form the vortex core so that at each azimuthal
angle φ we can find a microscopically large region with
approximately constant SC phase θ. This region can be
thought of as a 2D system in (r, k‖;φ) with fixed φ = θ,
periodic boundary along k‖ direction and open boundary
along r direction. Combining all such 2D systems with
φ ∈ [0, 2pi) yields an effective 3D space with periodic
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FIG. 20: MZMs in the 2D trivial superfluid [170]. (a) MZM
wave function density
∑
s=↑,↓ |ψs(r)|2 computed in the Dirac-
Hubbard model, with µ = 0.8, U = 5.5, which gives the
pairing order ∆2Q± = 0.23. System size: Nx = Ny/2 =
60. The vortices with opposite unit vorticities are located at
(30, 30) and (30, 90) and the vortex field eiθ(r) is attached only
to ∆2Q+ . (b) Schematic of the physical origin of MZMs at
vortex cores. The vortex core can be viewed approximately
as the open boundary of r-dimension in the 3D space spanned
by (r, k‖, φ). Energy spectrum for the half vortex (c) and full
vortex (d) regime. The MZMs are obtained in the former
case. Other parameters are the same as those in Fig. 18.
boundary with respect to k‖ and φ, while open boundary
along r axis due to the existence of vortex. With this pic-
ture when the parameterized 3D system has a nontrivial
Chern-Simons invariant ν3, which is the case for half-
vortex regime based on a direct numerical check, MZM
is obtained as a boundary zero mode at the vortex core.
In comparison, we have performed a similar calculation
by attaching a full vortex with n+ + n− = 2 to ∆2Q± ,
which gives a null ν3. In Fig. 20(d), the corresponding
low energy spectrum reveals that no zero mode but finite
energy Andreev bound states are present in the system,
consistent with the ν3 result.
3. Chiral Majorana modes in 3D trivial superfluids
The existence of non-Abelian Majorana modes in the
trivial phase of a superconducting 2D Dirac semimetal
can be generalized to the 3D case, as studied in [170].
In this case a 3D Weyl semimetal together with an at-
tractive Hubbard interaction was considered, with the
Hamiltonian given by
H =
∑
p
ψ†phpψp − U
∑
i
ni↑ni↓, (122)
hp = [mz − 2t0(cos px + cos py)− 2tcz cos pz]σz
+2tSO(sin pxσx + sin pyσy)− µ− 2tsz sin pz.
Here the hopping terms along z direction with (tcz, t
s
z) =
tz(cosϕ0, sinϕ0), which break inversion symmetry of the
Weyl semimetal unless ϕ0 = npi/2 with integer n. For
mz = 4t0 + 2t
c
z cosQ (0 < Q < pi), the Weyl semimetal
has two nodal points of chiralities χ = ± located at
Qχ = (0, 0, χQ) and with energies E± = −µ∓ 2tsz sinQ,
respectively. It is convenient to choose Q = 2pi3 and
t0,z = tSO = 1.0 to facilitate further discussion. We note
that the Weyl semimetal can be realized by generalizing
the optical Raman lattice scheme to 3D regime, which is
currently considered in both theory and experiment for
ultracold atoms.
The SC phases can be induced with an attractive in-
teraction U > 0. Similar to the results introduced
in the previous sections for the 2D Dirac semimetal,
the possible pairing orders are of two distinct types,
namely the s-wave BCS and PDW phases, as sketched
in Fig. 21(a). The former describes a uniform order ∆0
occurring between two different Weyl cones and with
zero center-of-mass momentum of Cooper pairs, while
the latter are spatially modulated orders ∆2Q± occur-
ring within each Weyl cone and the Cooper pairs have
nonzero center-of-mass momentum. These pairing orders
read ∆q =
U
2N
∑
k〈cq/2+k↑cq/2−k↓〉, with q = 0, 2Q±,
and N being number of sites, and the interaction is de-
coupled into HMF =
∑
k,q ∆q c
†
q/2+k↑c
†
q/2−k↓+ h.c, with
k being summed over the entire Brillouin zone. Again
the order parameter takes the following generic form in
real space ∆(r) = ∆0+∆+2Qe
i2Q+·r+∆−2Qei2Q−·r. The
numerical simulation reveals different phase diagrams for
the inversion-symmetric [Fig. 21(b)] and inversion sym-
metry broken [Fig. 21(d)] Weyl metals. For the inversion-
symmetric Weyl metal with ϕ0 = 0, a direct transition
from Weyl metal phase to the PDW′ phase, which has
|∆+2Q| = |∆−2Q|  |∆0| 6= 0, is obtained by increasing
U in the low chemical potential regime with |µ| < µc and
µc ∼ 0.4. The equality |∆+2Q| = |∆−2Q| in the PDW′
phase is a consequence of the inversion symmetry. How-
ever, when µ is tuned beyond the critical value |µ| > µc,
the BCS phase with ∆0 6= 0 and ∆±2Q = 0 appears
between the Weyl metal and PDW′ phase. This result
reflects that the pairings within each Weyl Fermi sur-
face dominates in relatively small µ regime. Moreover,
if the inversion symmetry is broken, the BCS phase is
suppressed, and the system enters from Weyl metal into
PDW1 state first and then PDW
′
1 phase by increasing
U , as shown in Fig. 21(d) with ϕ0 =
3
32pi. The PDW1
phase is characterized by |∆+2Q| ≥ |∆−2Q| for µ ≥ 0
and ∆0 = 0, while in the PDW
′
1 phase a small |∆0|
(< |∆±2Q|) also emerges.
Vortex Line Modes for trivial superfluid phase.–Both
BCS and PDW states have only the particle-hole symme-
try, so they belong to class D according to the Altland-
Zirnbauer symmetry classification [123]. Both BCS and
PDW phases are px + ipy SCs stacked along z direction
and are topological in the 2D subspace, but are trivial in
the 3D space. Namely, any invariant defined in the 3D
space is zero for the present BCS and PDW phases.
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FIG. 21: Weyl metals, mean field phase diagrams, vortex line configuration, and 2nd Chern numbers [177]. (a,b) Schematic
for FSs and pairing order of Weyl semimetals with (a) or without (b) inversion symmetry. The two ellipsoids centered at Q±
are the FSs. The spin orientations (black arrows) at the FS around Q− is flipped when 0 < µ < 2tsz sin |Q±|. The colored lines
represent the pairing order parameters ∆q with q = 0, 2Q±. (c,d) Phase diagram for cases with (c) or without (d) inversion
symmetry versus attractive Hubbard interaction U and chemical potential µ. (e) Configuration of two vortex lines with opposite
vorticities. (f) The emergent 2nd Chern number C2 for a 4D synthetic space generalized from the 3D physical system in the
inversion symmetric case and with µ = 0.7. Upon increasing U , the system undergoes a transition from BCS to PDW′ phase.
The circles (triangles) gives the 2nd Chern number in BCS (PDW′) phase.
FIG. 22: Chiral Majorana modes as in-gap bound states to a vortex line [177]. (a-b) Chiral vortex line modes shown from
spectral functions A(kz, E) of the inversion symmetric Weyl metal with PDW orders based on self consistent calculation for
µ = 0.7 and U = 5.8. The vortex line is attached to ∆+2Q, with winding number n = +1 for (a) and n = −1 for (b). (c)
Spectral function A(kz, E) for the BCS dominated phase in the inversion symmetric Weyl metal with ∆0 = 0.25. Two segments
of Majorana flat bands are obtained. Periodic boundary conditions are considered and the system size is Nx/2 = Ny = 55 and
Nz = 162.
While the phases are trivial for the 3D space, the
nontrivial vortex line modes can be obtained. We con-
sider first the PDW dominated phase, and take that
|∆+2Q| = |∆−2Q| and ∆0 = 0, since a small perturba-
tive BCS order does not affect the results. Let a vortex
line of winding n be along z-axis and attached to ∆+2Q,
so that ∆+2Q = |∆+2Q| exp[inφ(r)], with tan(φ) = y/x.
In the low-energy limit the effective Hamiltonian can be
obtained by linearizing the 3D Weyl cone Hamiltonian
around Q+ point
Heff =− (
∑
j=x,y,z
ivjσj∂j + µeff)τz (123)
+ ∆¯(ρ) cos(nφ)τx + ∆¯(ρ) sin(nφ)τy,
where vj is the Fermi velocity along j-th direction, µeff
is the chemical potential measured from the Weyl node,
and τ ’s are Pauli matrices for the Nambu space spanned
by fˆ(r) = [c↑(r), c↓(r), c
†
↓(r),−c†↑(r)]T . For the vortex
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line located at x = y = 0 along z-axis, one can choose
cylindrical coordinate (ρ, φ, z), with ∆¯(ρ → 0) = 0,
∆¯(ρ → ∞) = constant, and nφ the phase winding of
the PDW component. For n = ±1 the Majorana in-gap
modes can be obtained analytically and satisfy [170]
Heffγz(ρ, φ, kz) = Ekzγz(ρ, φ, kz), (124)
Ekz = sgn(nvxvy)vzkz,
which implies that the vortex Majorana modes are chi-
ral, with chirality χM` = sgn(nvxvyvz) being related
to n and Weyl node chirality χ. The Majorana op-
erator reads γˆz(kz) =
∫
d2r γz(ρ, φ, kz)fˆ(ρ, φ, kz), with
γˆz(kz) = γˆ
†
z(−kz) for real Majorana states. This solu-
tion can be readily generalized to the case of a generic
winding n = N . Actually, such a vortex line is topolog-
ically equivalent to |N | vortex lines with unity winding
n = sgn(N ). In the later case each line hosts a branch
of chiral Majorana modes. Due to the chiral property
putting the |N | branches of vortex modes together with
couplings can at most deform their dispersions, but can-
not annihilate them, yielding |N | chiral Majorana modes.
The chirality of Majorana vortex modes imply that
these modes are gapless and traverse the bulk gap of
the PDW phase. This property can be further con-
firmed by performing a full real-space numerical calcu-
lation based on the lattice model without linearity as-
sumption. In particular, the inversion symmetric Weyl
metal with µ = 0.7 and U = 5.8 is considered. The
self-consistent calculation for this regime reveals a PDW′
phase with ∆±2Q ≈ 0.201 and ∆0 ≈ −1.85 × 10−2, and
the system has a bulk gap Egap ≈ 0.21. A vortex line
(n = 1) and anti-vortex line (n = −1) are considered
along z-axis, separating from each other in x-y plane, and
are attached to one of ∆0,±2Q, as sketched in Fig. 21(e).
With this configuration appropriate periodic boundary
condition can be applied in the numerical calculation.
The local spectral function A(x, y, kz, E) can be obtained
from the retarded Green’s function GR(E) of the system
A = − 1
pi
∑
s=↑,↓
=〈x, y, kz, s|GR(E)|x, y, kz, s〉, (125)
where |x, y, kz, s〉 is the Bloch basis with momentum kz.
ComputingA(kz, E) near the vortex core gives the energy
spectra of the bulk and vortex line modes.
Fig. 22(a) and (b) show the spectra measured from the
vortex line (n = 1) and anti-vortex line (n = −1), respec-
tively. In both cases the chiral Majorana modes traverse
the bulk gap connecting the lower and upper bands. The
chirality of these modes depends on the vortex line wind-
ing number, consistent with the previous analytic solu-
tion. This result is fundamentally different from that for
a BCS phase, as shown in Fig. 22(c), where we compute
the Majorana modes by attaching vortex and anti-vortex
lines to ∆0 with ∆0 = 0.25 and ∆±2Q = 0. Majorana
zero-energy flat bands for the vortex lines are obtained.
These Majorana zero modes are simply the vortex modes
of px + ipy SCs with different momenta kz.
Chiral gapless modes have to be protected by chiral
topological invariants, e.g. the Chern numbers. However,
it can be verified that for any 2D sub-plane incorporating
z-axis the 1st Chern number is zero. Similar to the case in
2D superconducting Dirac semimetal system, an emerg-
ing invariant defined in a higher-dimensional space shall
provide the protection of the present chiral Majorana
modes. Similarly, the SC order can be parameterized by
its phase factor ∆qe
inθ, where the constant θ ∈ [0, 2pi)
forms a 1D periodic parameter space S1. Together
with the 3D lattice, we construct a 4D synthetic space
T 4 = T 3×S1 spanned by p = (p, pθ) with p = (px, py, pz)
and pθ = θ. In this synthetic 4D space we define the 2nd
Chern number by C2 =
1
32pi2
∫
T 4
d4p ijk`Tr[FijFk`] ∈ Z,
where  is the antisymmetric tensor and Fij are the gauge
field strengths calculated by diagonalizing Hamiltonian
HMF(p, pθ) for every p and pθ. The second Chern num-
ber C2 can be numerically computed for BCS and PDW
phases, as shown numerically in Fig. 21(f). It is seen that
C2 = 0 for the BCS dominated phase, while C2 ≈ −0.956
for the PDW phase obtained with the same parameters
except for U as in Fig. 22(a). The deviation of C2 from
an integer is due to finite size effect. It was further shown
and proposed that when considering the ring configura-
tion of vortex lines, a 3D non-Abelian loop-loop braiding
statistics can be obtained [170]. These results reveal a
real physical system to explore the exotic 3D non-Abelian
braiding statistics, and shall attract further studies based
on realistic ultracold atom platforms.
VI. DISCUSSION AND OUTLOOK
In conclusion, in the present review we have peda-
gogically introduced the realization of spin-orbit (SO)
coupling and topological quantum phases for ultracold
atoms, and have focused on the latest progresses in the-
ory and experiment, particularly for the SO coupling be-
yond one-dimension (1D) in optical lattices, the topolog-
ical insulating states, and topological superfluid phases.
We systematically discussed the optical Raman lattice
schemes, with which the 1D and 2D Dirac types, 2D
Rashba type, and 3D Weyl type SO couplings can be
synthesized. Being of the high feasibility, the proposed
SO couplings and topological quantum physics have mo-
tivated several experimental studies, with some of the
proposals having been successfully realized. The topolog-
ical superfluids and Majorana modes have also been dis-
cussed. After a brief introduction to the background, we
showed a generic theorem for the chiral topological super-
fluid/superconductor phases, which provides a simple but
generic approach to determine the topology of 2D chiral
superfluids/superconductors. Moreover, the existence of
non-Abelian Majorana modes at vortices (or vortex lines
for 3D systems) is revisited and is found to be irrespective
of the bulk topology of the superfluid/superconductor
phases, and is protected by emergent topological numbers
defined in the synthetic spaces with dimension higher
34
than the physics system. As a direct consequence, the
non-Abelian Majorana modes can exist in trivial super-
fluids/superconductors, with the minimal experimental
schemes for the realization have been proposed and stud-
ied.
The realization of high-dimensional SO couplings has
opened intriguing opportunities to explore novel quan-
tum physics with ultracold atoms, ranging from tradi-
tional spintronic effects to the exotic topological physics.
In particular, the recently proposed new optical Raman
lattice scheme [149] exhibits high controllability in engi-
neering various types of high-dimensional SO couplings,
with the realized SO coupled quantum gases having long
lifetime (up to several seconds depending on atom can-
didates). Especially, with such scheme a long-lived topo-
logical Bose gas has been achieved in experiment, con-
firming the high feasibility of the new proposal. With
these progresses the research of the high-dimensional
SO coupled quantum gases is developing into a mature
topic, and the realization of high-dimensional SO cou-
plings shall become routine studies in experiment in the
near future. The next important issues in this direc-
tion include to investigate the quantum-far-from equi-
librium dynamics with novel topology and the interact-
ing topological quantum states for the SO coupled sys-
tems. For ultracold atoms, the nonequilibrium dynamics
could be particularly useful to explore topological quan-
tum physics, since the equilibrium ground state is not
easy to reach due to the heating and loss in the system.
Nonequilibrium dynamics may bring up new physics be-
yond the achievability of equilibrium studies. The inter-
acting topological quantum physics, e.g. the topological
superfluids and fractional topological insulating states,
are highly-sought-after but very challenging due to heat-
ing/loss in the real experiments. Note that the optical
Raman lattice schemes, introduced in the present review,
can be generically applied to any type of atom candi-
dates, including the alkali earth and lanthanide atoms
which have been confirmed to have much less heating in
observing SO effects. It is therefore of high interests to
investigate the novel interacting topological physics with
high-dimensional SO coupled alkali earth and lanthanide
quantum gases.
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